RELATING THE ARCHETYPES OF LOGARITHMIC CONFORMAL FIELD THEORY 

THOMAS CREUTZIG AND DAVID RIDOUT 

Abstract. Logaiithmic conformal field theory is a rich and vibrant area of modern mathematical physics with 
well-known applications to both condensed matter theory and string theory. Our limited understanding of these 
theories is based upon detailed studies of various examples that one may regard as archetypal. These include the 
c = —2 triplet model, the Wess-Zumino-Witten model on SL(2;R) at level k = —j, and its supergroup analogue on 
G L ( 1 1 1 ) . Here, the latter model is studied algebraically through representation theory, fusion and modular invariance, 
C 3 ' facilitating a subsequent investigation of its cosets and extended algebras. The results show that the archetypes of 

^N) logarithmic conformal field theory are in fact all very closely related, as are many other examples including, in 

particular, the SL (2| 1 ) models at levels 1 and — j . The conclusion is then that the archetypal examples of logarithmic 
conformal field theory are practically all the same, so we should not expect that their features are in any way generic. 
Further archetypal examples must be sought. 



1. Introduction 

O ; Conformal field theories defined in terms of non-linear sigma models on supergroups and their cosets repre- 

5^ . sent an interesting and very active area of current research. They appear in many important problems in string 

theory and condensed matter physics, for example the AdS/CFT correspondence H] and the theory of disor- 
dered systems ^^. Questions about these problems may often be related to WZW models and their cosets 
^ I through appropriate perturbations IIJQ. 

-^ ' Over the last few years, there has been significant progress in the understanding of WZW models on su- 

(N 



O 



pergroups. Correlation functions of WZW models on type I supergroups can be computed in principle LSJ. 
There are relations to theories with an extended superconformal symmetry algebra ||9][l0l and to twisted super- 
CFTs ifTTl . Furthermore, there are results on branes lfT2l . partial results on some specific examples ifTsHTSJI . and 
extensions to supergroup quotients 016II17I . The best understood example is however the GL(1|1) (or U (1|1)) 
WZW model. This theory was first studied by Rozansky and Saleur twenty years ago llT8l[T9l . Later, this 
model was revisited with the aim of computing correlation functions in the bulk [20| and on the boundary f2Tl. 
^S ' Moreover, boundary states have been constructed |,22J and the WZW model was shown to be an orbifold of the 

C^ ' theory generated by a pair of symplectic fermions and two free bosons ll23l . Nevertheless, there are still many 

unanswered questions, even for this simplest of supergroup CFTs. 

Aside from theories based on the family OSP ( 1 \2m), supergroup WZW models represent a fundamental fam- 
ily of logarithmic CFTs II19II24L The importance of such logarithmic theories to modern physics has recently 
gained widespread appreciation, due in part to the realisation that they describe non-local observables in statis- 
tical lattice models ll25l - [3T |. They also arise in the description of the algebraic structure of Schramm-Loewner 
evolution martingales 1321 and certain chiral gravity models ||33]| (we refer to [34] for further applications). 
Aside from supergroup WZW models, fundamental classes of logarithmic CFTs include the so-called logarith- 
mic minimal models ll35H42l . the fractional level WZW models Il43lj46l and ghost theories II47II48L There are 
also indications that sigma models with non-compact target spaces may also display logarithmic behaviour fWl. 
The remarkably rich mathematical structures exhibited by logarithmic CFTs are studied in li50n56J . 
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The first aim of this note is to comprehensively review the representation theory of the affine Kac-Moody 
superalgebra g I ( 1 1 1 ) as it pertains to CFT. We discuss general Verma modules (which coincide with Kac mod- 
ules 157115811 ) and determine their submodule structure completely. Our treatment is distinguished from earlier 
ones in that we prove this structure in a logical and self-contained manner The methods required are surpris- 
ingly elementary, relying on basic algebra and the induced action of the so-called spectral flow automorphisms. 
The structure of the Verma modules is then used to derive the fusion rules of the irreducible highest weight 
modules, thereby confirming the rules stated in 12211 . We also show that the characters of the irreducibles ad- 
mit a (projective) action of the modular group SL (2;Z) and that the Verlinde formula correctly reproduces the 
projection of the fusion rules onto the Grothendieck ring of characters. 

Our second aim is to investigate the u(l) cosets of g[(l|l) and to identify them with interesting known 

logarithmic conformal field theories. After carefully decomposing the representations and characters of 0[ (1 1 1 ), 

we find that one such coset can be identified as the j3 7 ghost system of central charge c = — 1 I1471I48I . We then 

confirm this result through an explicit free field computation using the realization of g ( ( 1 1 1 ) used in ll23l . This 

is not the only interesting logarithmic CFT one can obtain as a g((l|l)/u(l)-coset. We also find the J{ = 2 

(2) 
super- Virasoro algebra of central charge c = — 1 and the Bershadsky-Polyakov W-algebra W3 at level k ^0. 

Our third aim is to investigate extended algebras forgl(l|l), the inspiration coming from the expectations of 
real forms and modular invariance. In a conformal field theory, the choice of real form determines the adjoint 
and is reflected in the spectrum. Experience suggests that sigma models defined on compact target spaces 
possess discrete spectra while non-compact spaces give rise to continuous spectra. Moreover, one expects that 
the characters of the irreducible modules of the spectrum carry a representation of the modular group. In the 
case of 0[(1|1), this turns out to be possible only when the spectrum is continuous. We therefore have to 
question how this may be reconciled with our expectation that there are choices of real forms which should lead 
to discrete, or at least semi-discrete, spectra. 

An answer may be found by extending the symmetry algebra. We propose that the true symmetry algebra for 
a certain real form, that we call the U (1 1 1) WZW model, should in fact be taken to be significantly larger than 
g I ( 1 1 1 ) . Infinitely many characters of g 1 ( 1 1 1 ) are combined into each character of the extended algebra, leading 
to the possibiUty of a discrete set of representations whose characters transform nicely under the modular group 
action. 

We therefore turn to a systematic investigation of a class of extended algebras for gl(l|l), finding for each 
positive integer n, a set of n distinct algebras generated by four fields of dimension |. We compute these 
algebras explicitly up to dimension |. They are as follows: The dimension j extension is the direct sum of the 
j3 7 ghost algebra and that of the complex free fermion. The two extensions of dimension 1 may be identified 
with the affine Lie superalgebra sl(2|l) at levels k — 1 and k — ~j. The dimension | extensions are new 
W-superalgebras, containing both the Bershadsky-Polyakov and the 3\f = 2 super- Virasoro algebras. For the 
dimension j extension, we identify the corresponding real form as u ( 1 1 1 ) and use the fusion rules of g [( 1 1 1 ) to 
determine the characters of the extended algebra. This allows us to construct a discrete chiral spectrum (both at 
the level of g [ ( 1 1 1 ) and the extended algebra) which is closed under fusion and for which the extended algebra 
characters carry an action of the modular group. 

Combining our extended algebra and coset studies, we obtain relations between a number of well-known log- 
arithmic conformal field theories, g [ ( 1 1 1 ) is a simple current extension of its Z2-orbifold (or maximal bosonic 
subalgebra) W, an unfamiliar W-algebra generated by fields of dimensions 1, 1, 2, 3, 3 and 3. u(l)-cosets of 
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these two algebras lead to the jSy-ghosts and s[(2) j /j, respectively. The former is a simple current extension 
of the latter |48 1 . Further, u ( 1 )-cosets of these give rise 1591 to the c — —2 triplet model W ( 1 , 2) of 1 36 1 and its 
simple current extension, the symplectic fermions ps I ( 1 1 1 ) ll60l . We summarize this in the following diagram; 



Ps((l|l) 



u(l)-coset 



jSy-ghosts <- 



u(l)-coset 



fl[(l|l) 



simple current 
extension 



simple current 
extension 



simple current 
extension 



W(l,2)^ 



u(l)-coset 



s((2)_ 



1/2 



u(l)-coset 



W 



We wish to strongly emphasise that this diagram, coupled with the realisation of s[(2|l)j and s[(2|l) j /j as 
extended algebras of g[(l|l), indicates that practically all of the best understood logarithmic CFTs are in fact 
all extremely closely related. This suggests that any confidence we may have in our knowledge of the behaviour 
of general logarithmic CFT may be unjustified. We regard this as the most important conclusion of the work 
reported here. 

The article is organized as follows. In Section |2l we begin with the finite-dimensional Lie superalgebra 
g[(l|l), discussing its structure, real forms and representations. Section[3]then repeats this for the affine algebra 
g I ( 1 1 1 ) . This is complemented by a thorough derivation of the fusion ring and the modular properties of the 
(super)characters. In particular, we observe here that while the fusion ring has infinitely many discrete subrings, 
we need a continuous set of characters to obtain a representation of the modular group. 

Section|4]begins with a review of the j3 7 ghost system at c = — 1 . We then consider a general coset of the form 
g[(l|l)/u(l) and show how to choose the boson so as to obtain the ghost algebra. The g[(l|l)-modules are 
decomposed and the coset characters are identified as jSyghost modules. From the fusion rules of g[(l|l) and 
this identification, we recover the j3 7 ghost fusion rules derived in |46 1, thereby providing a strong consistency 
check of the former. We conclude by listing some other coset algebras that are of interest and discuss briefly the 
implications of coset identifications for the question of discrete spectra. 

In Section |5] we search for extended algebras. For this we employ the well known free field realization 
used, for example, in ll23l . We construct the extensions explicitly when the extension fields have dimension less 
than or equal to |. In the case of the dimension j extension, we identify the real form as compact and find a 
discrete set of extended algebra modules which close under fusion and whose characters close under modular 
transformations. We conclude with a short outlook in Section |6] Various conventions and technical identities 
are collected in a series of appendices. 



2. gl(l|l) AND ITS Representations 

In this section, we review the structure and representation theory of the finite-dimensional Lie superalgebra 
g[(l|l). Although it is not a simple Lie superalgebra, g[(l|l) possesses many features in common with more 
general simple superalgebras. Its advantage is that its analysis requires only elementary methods. Further details 
may be found in 
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2.1. Algebraic Structure. The endomorphisms of the super vector space C'l' have a basis consisting of the 
matrices 



^=oL J. ^=L J' V'+=L J and r"=l 1. (2.1) 







Note that A^ and E are parity-preserving (bosonic) whereas i^+ and y/ are parity-reversing (fermionic). This 
endomorphism algebra admits the structure of a Lie superalgebra because 

[A^, V/±] = ±V/± and {v/+, </-}=£, (2.2) 

with all other (unrelated) brackets vanishing. The abstract Lie superalgebra defined by these relations is called 
the general linear superalgebra 0[(1|1). This superalgebra is not simple because E is central, and hence gen- 
erates a one-dimensional ideal. It is easy to check that this ideal has no complement and so 0[(1|1) does 
not decompose as a direct sum of ideals. Equivalently, the adjoint representation of g[(l|l) is reducible, but 
indecomposable. 

We define a bilinear form K'(-,) on g[(l|l) as the supertrace of the product in the defining representation 
( 12.11 ). This bilinear form is invariant, consistent and supersymmetric. Moreover, it is non-degenerate, unlike the 
form obtained by taking the supertrace in the adjoint representationlj Specifically, we have 

k{N,E)=k{E,N) = \ and K-(v/+, r") = -K-(v/", v/+) = 1, (2.3) 

with all other combinations vanishing. One standard application of constructing such an invariant form is to 
compute the quadratic Casimir Q e 'U(g[(l|l)). In this case, E qualifies as a Casimir element of degree 1, so 
the quadratic Casimir is only defined modulo polynomials in E. We choose it to be 

Q=NE + ^if-^^f+. (2.4) 

We remark that a redefinition of A^ by shifts of E does not affect the defining relations ( I2.2l l and only changes 
the entry k(N,N) . It follows that we can choose this latter quantity arbitrarily through a simple change of basis. 
We prefer, however, to keep the basis (12. Il l so as to leave k(N,N^ as 0. 

It remains to choose an adjoint and there are several to choose from. While this has little bearing on the 
representation theory that we shall shortly turn to, the choice of adjoint reflects the real form that is relevant 
to geometric descriptions of the theory. We discuss the real forms of g((l|l) in Appendix lAl Moreover, one 
must choose an adjoint for the triangular decomposition ( I2.6l l below — this plays, for example, a subtle role in 
the construction of extended algebras (see Section|5]l. The most natural choice is that suggested by the defining 
relations ( 12. Il l: 

N^'^N, E'=E, (y/±)^ = y/T. (2.5) 

The corresponding real form is the unitary superalgebra u ( 1 1 1 ) . 

2.2. Representation Theory. There is an obvious triangular decomposition respecting the adjoint ( 12.51 ): 

g[(l|l) = span {i/^} ® span {A^,/?}© span {v/+} (as subalgebras). (2.6) 

Thus, we regard v/+ as a raising (annihilation) operator, xj/^ as a lowering (creation) operator, and A^ and E as 
generating the Cartan subalgebra. A highest weight state of a 0((l|l)-representation is then defined to be an 



Some authors reserve the term Killing form for the supertrace in the adjoint representation. To avoid confusion, we will therefore refer to 
k(-,-) as the invariant form. It is not unique, however, even up to constant multiples, because g((l|l) is not simple. 
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eigenstate of A^ and E which is annihilated by i/+. Such states generate Verma modules in the usual wayo If 
n and e are the eigenvalues of A^ and E (respectively) on the highest weight state, we denote the corresponding 
Verma module by V„_i /2 g. Note that as i/a* squares to zero in any representation, every Verma module has 
dimension 2. The shift of « by — ^ in the Verma module index then amounts to characterising these modules by 
the average A^-eigenvalue. This convention leads to a useful simplification of many of the formulae to follow. 

Suppose that Iv) is a (generating) highest weight state of V„,e. Its A^- and £ -eigenvalues are then n + 5 and 
e, respectively. Moreover, it satisfies 

V/+V^-|v) = {v/+,r-}|v)=£|v)=e|v), (2.7) 

so that the descendant ^^ I v) 7^ is a singular vector if and only if e = 0. We see then that Verma modules are 
irreducible when e 7^ 0, and when e = 0, the irreducible quotient module has dimension 1 . The irreducibles with 
e 7^ are said to be typical and those with e = are said to be atypical. We will denote a typical irreducible 
by Tn .f, = V„ e and an atypical irreducible by A„. Our convention of labelling modules by their average A^- 
eigenvalue leads us to define the latter to be the irreducible quotient of V„_i m o- This is neatly summarised by 
the short exact sequence 

o-^yi„_i/2^v,,o^A,+i/2^o (2.8) 

and structure diagram 



W 

■^n+l/l > ■^n-I/2 




(2.9) 



Such diagrams illustrate the decomposition of a module into its irreducible composition factors, with arrows 
indicating (schematically) the action of the algebra. 

The representation ring of g [ ( 1 1 1 ) is defined by introducing the graded tensor product of two representations. 
This is given by the action 



J 



v)®\w)\^j\v)®\w) + {-\f^^"^\v)®j\w) (J = N,E,Y^), (2.10) 



where |7| and |v| are the parities of 7 and Iv), respectively, understanding that linearity allows us to restrict to 
elements of definite parity. The notion of parity for states I v) deserves some comment. There is an obvious 
notion of relative parity for states, so parity makes sense once we choose that of a generator (here we restrict 
ourselves to indecomposable modules without loss of generality). A priori, this requires us to distinguish 
between otherwise identical modules based on whether the generator is chosen to be bosonic or fermionic. We 
shall not bother to make such distinctions explicit at this point|j This is generally permissible because it is 
easy to check that (12.101 1 allows us to swap the parity of a module by tensoring with the atypical irreducible Aq 
spanned by a single fermionic state. 

We will be interested in the representations generated by the irreducible modules. Tensor products involving 
the atypical irreducibles A„ are rather trivial to analyse: 

AjjQ^Afj' ^ Aj^^fj' ^ JijjQs) J fj' c' ~~ "^ n+n' ,e' • (2.-1-1) 



Note that g[(l| 1) is a rather special Lie superalgebra in that its Verma modules coincide with its Kac modules I57II58I . We will use the 
former nomenclature here as it is better suited to fusion studies (Section [3.3t . 

This becomes important when considering modular transformations (Section |3. 4) . Surprisingly, this is also relevant when considering 
extended algebras (Section [5.2t . 



6 T CREUTZIG AND D RIDOUT 

The corresponding result for the typical irreducibles follows from a straight-forward computation lfT9l : 

7n,e<8)T„/y =T„_|_„/+i/2,e+e'ffi7'„+„'-l/2,(;+f' (e + e^O). (2.12) 

The restriction that e + e' ^0, meaning that the result is again in the typical regime, is crucial. When e + e' = 0, 
one observes that the result is not a direct sum, but is rather a reducible yet indecomposable module: 

Tn,e^'y„,^_,^y„+„,. (2.13) 

The structure of these new indecomposable modules is given by the diagram 



(2.14) 




The symbol T is chosen to reflect the projective nature of these modules and this is what they are generally 
referred to in the physical literatureO We mention, however, that the structure diagram shows that the CP„ 
may be viewed as particularly simple examples of staggered modules ||55]| . Indeed, they may be regarded as 
extensions of highest weight modules via the exact sequence 

-^ V„+i/2,o -^ y,, -^ V„_i/2.o ^ 0, (2.15) 

and one can verify that the Casimir Q acts non-diagonalisably on 7„, taking the generator associated with the 
top A„ factor to the generator of the bottom An factor and annihilating the other states. The CP„ are not highest 
weight modules, but their appearance in the representation ring is not unnatural. Indeed, we note that the adjoint 
representation of g ( ( 1 1 1 ) is isomorphic to CPq . 

To summarise, we have seen that the set consisting of direct sums of irreducible modules does not close under 
tensor products in the representation ring. Rather, one is forced to admit the reducible but indecomposable 
modules of the form T,,. Combining associativity and (12.131 1 shows that tensoring these projectives with the 
irreducibles or themselves yields no new types of indecomposables: 

A„.Q(E)y„> = y„+„>, (2.16a) 

Jn,e'^'y„' — 'Jn+n'+l,effi2'J,,+n',e® 'J„+,j'-l.e, (2.16b) 

y„ ® y„, = y„+„,+i ® 2J'„+„, y„+„,_i . (2.16c) 

There are further indecomposables which may be constructed as submodules and quotients of the 7„ (and by 
taking tensor products of these submodules and quotients). We will have no use for them in the following; 
see ||63l for further discussion. 



The fact that the CP„ (and the typical in'educibles T„ ,,) are projective in the category of finite-dimensional weight modules is often remarked 
upon. We will not have any need for this property here, so we content ourselves with remarking that proofs follow easily from a mild 
generalisation of the standard arguments for the non-super category case (see [62] for example). 
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3. g[(l|l) AND ITS Representations 

The affine Kac-Moody superalgebra 0[(1|1) is defined in the usual manner as a central extension of the 
loop algebra of 0[(1|1). In this section, we discuss its structure and representation theory, culminating in a 
description of the fusion ring generated by its irreducible highest weight modules and the modular properties of 
the associated Grothendieck ring of characters. This puts the results stated in II19II20II22II61II on a solid footing. 

3.1. Algebraic Structure. Our conventions for 0[(1|1) carry over to its affinisation £(1(1 11) in the usual way. 
Explicitly, the non-vanishing brackets are 

[Nr,E,]^rk5,-+s.o, [Nr,W^]^±V^+s and {\if+,\if-} =£,-+,, + rk5r+sfi, (3.1) 

where A: G R is called the level. The adjoint of the unitary superalgebra extends from ( 12.51 ) to 

NJ^N-r, EJ=E^„ and (1/^)^-1^^.. (3.2) 

Note however, that for A: 7^ 0, we can rescale the generators so as to normalise A: to 1 as follows: 

Nr^N,-, ^'--^X' ^^^^7k' ^^'^^ 

As with u(l), it follows that the actual value of a non-critical g[(l|l) level ky^Ois not physical. Nevertheless, 
we shall continue to give formulae for general k in order to emphasise the presence throughout of the scaled 
combinations in ( 13.3b . We mention that ( 13.31 1 with k negative will introduce an imaginary scaling factor for the 
fermions which will change their adjoints by a signo 

The Virasoro generators are constructed using (a modification of) the Sugawara construction. Because the 
quadratic Casimir of g[ (1 1 1 ) is only defined modulo polynomials in E, one tries the ansatz |fT9l 

T (z) = a : NE + EN - \t/+\t/- + \t/-\i/+ : {z)+^:EE: (z) , (3.4) 

where a and j3 are constants to be determined. This turns out to satisfy the correct operator product expansion if 
and only if a = l/2A:and/3 — l/2k^. Then, the gl(l|l) currents A^(z), E{z) and i/A* (z) are Virasoro primaries 
of conformal dimension 1, as required, and the central charge is found to vanish. We record a convenient form 
for the Virasoro zero-mode for future use: 

io = I E ■ N'-E-r - W^W-r --T^Eo + ^Y.-- '^'-E-r : . (3.5) 

There are some interesting automorphisms of 0l(l|l) which will be useful in the following. First, there is 
the automorphism w which defines the notion of conjugation. Explicitly, 

w (Nr) = -A^,-, w (£,-) = -£,-, w ( V/+) = v/,r , w ( v/,r) = - V/+ and w (Lq) = io- (3.6) 

Note that w^ acts as the identity on the bosons and minus the identity on the fermions. Second, we have the 
spectral flow automorphisms (7^, £ € Z, defined by Il20l 

aHNr)^Nr, a^'iEr)=Er~ekdrfi, G^ (xj/^) = iff^^ and a^iLo)^Lo-mo. (3.7) 



Equivalently, the adjoint will be twisted by the automorphism <B_i ; see Equation jA.2t . 
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Both w and a may be used to construct new modules w* (M) and CJ* (M) from an arbitrary 0[(l|l)-module M 
by taking the underlying vector space to remain the same and twisting the action of the algebra: 

y-w*(|v)) =w*(w-'(y)|v)) and J ■ a* {\v)) = a* {a-\j)\\)) (7e0((l|l)). (3.8) 

Note that w* (M) is precisely the module conjugate to M. We will generally not bother to write the distinguish- 
ing superscript "*" in what follows — whether the automorphism acts on the algebra or one of its modules will 
be clear from the context. 

3.2. Representation Theory. We can now define highest weight states, Verma modules V„,e, and their irre- 
ducible quotients as before. By Equation (13. St . the affine highest weight state |v„,e) of V„ g, whose A^q- and 

2 



Eo-eigenvalues are taken to be « + 4 and e respectively, has conformal dimension 



1 



„2 



Of course, this formula also applies to singular vectors. We emphasise that the label n refers to the average 
A'o -eigenvalue of the zero-grade subspace of V„ ,,, generalising the labelling convention of Section l272l Verma 
modules for 0[(1|1) are infinite-dimensional, but a Poincare-Birkhoff- Witt basis is easy to write down: 

i^lfZX' n'-^^E^, ivlj'- ■ ■ ■ {y^:,r-N%E% (v/+2)'^ {vI,rNt\E'}, (v/+ )'' (^0-)"" K)- (3.10) 

Here, the a, and dj are restricted to or 1 (because the \l/^,„ square to zero), whereas the bi and c,- (and m) may 
take any non-negative integer values. It follows that the character of a Verma module is given by 



1=1 



v,,.. ' ' ^x (i-^-y 



Let us restrict now to the Verma modules V„ q. Since £0 is central, it annihilates every state in this module. In 
particular, it annihilates every singular vector, hence the singular vectors of V„o have conformal dimension by 
Equation (13. 9t . This proves that the only non-trivial singular vector of V„ is \j/q\v„_o). Taking the quotient by 
the module it generates gives a module with a one-dimensional zero-grade subspace. The only singular vector is 
then the highest weight state, so this quotient module is irreducible|j We denote it by A„^i/2.o ^s its zero-grade 
subspace has A^o -eigenvalue n + 5. The character of this atypical irreducible is now obtained by imposing oq = 
in Equation ( |3.10t . This leads to 

Identifying the vacuum as the unique highest weight state which is annihilated by all the zero-modes of g [ ( 1 1 1 ) , 
we obtain the vacuum character by setting n = Q. 

We mention that the submodule of V„o generated by the singular vector Yq\v„x)) is not isomorphic to a 
Verma module because {y/o) |v'„,o) = 0. It must therefore be isomorphic to a quotient of V„_i,o and, by the 
above argument, the only non-trivial such quotient is the irreducible A„_i/2.o- It follows that we have an exact 
sequence for V„ q: 

> ■A„_i/2,0 > "^n.O > -^n+1/2,0 > 0- (3.13) 



Equivalently, the Verma modules V„ o have no (non-singular) subsingular vectors. 
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Splicing this with the analogous exact sequence for V„_i o and iterating, we obtain a resolution of the atypical 
irreducible A„fi in terms of Verma modules: 

> "^;j-7/2.0 > '^n-5/2,0 > '^n-3/2,0 > '^n-l/2,0 > -^n.O > 0. (3.14) 

The character of the irreducible A„,o must therefore satisfy the formal relation 

7=0 

It is of course trivial to verify this from the formulae ( 13.111 1 and ( 13.121 ). 

Let us now turn to the singular vectors of the Verma module V„ g with e 7^ 0. Suppose that there is a singular 
vector of conformal dimension A„ g + m and A^o-eigenvalue n + j + ^. Then, one has —m — 1 ^ j ^ m. In fact, 
it follows from ( V,^) = that /' = —m — 1 can only be achieved when m = or 1, in which case the candidate 
singular vector can only be V^o^lvne) or y/Jjy/Q"|v„.e). But, it is easy to verify that these vectors are never 
singular. We may therefore assume that | j| ^ m. Equating A„ g + m with A„+y g now gives 

m^jj. (3.16) 

k 

Thus, a non-trivial singular vector can only exist if \e/k\ 7^ is rational and at least 1. In particular, we can 
conclude that V„ ^ is irreducible for < \e/k\ < 1. Regarding these as typical irreducibles, and denoting them 
by Tn.e, their characters therefore coincide with those given in Equation ( 13.111 1 for Verma modules. 

To study the reducibility of the Verma modules for \e/k\ ^ 1, we make use of the spectral flow automor- 
phism (J, defined in Equation ( I3.7l l. and its induced action ( I3.8l l on modules. As a obviously maps non-trivial 
submodules to non-trivial submodules, the submodule structure will be preserved. In particular, irreducibles 
will be mapped to irreducibles. Moreover, the image under spectral flow of a state |v) with Eo-eigenvalue e will 
satisfy 

Eoa^{\v)) = a^{{EQ + ek)\v)) = ie + ek)a^{\v)). (3.17) 

Along with 

^.' (M) i^-'^) - \'iM) ^''^'' = %^°^'""'"° = x^iz,';,), (3.18) 

which holds for any gl(l|l)-module M, this will allow us to deduce the complete set of irreducible characters 
as wefl as the singular vector structure of general Verma modules. 

Let us first determine what happens to the label n under the (induced) action of the spectral flow. Denoting 
an arbitrary irreducible highest weight module with average A'o -eigenvalue n and £0 -eigenvalue e by L„,e and 
its highest weight state by |n,e), the key observation is that CT(|n,e)) is only a highest weight state for e = 0. 
Indeed, the y/^_i, Nr, Er and i/C j with r^ \ annihilate this state, but 

V/f(T(|n,e)) =ff(v/(7|n,e)), (3.19) 

which vanishes if and only if e = 0. However, it is not hard to check that for e 7^ 0, y/f (7(|n,e)) is itself a 
highest weight state, hence by irreducibility, it is the highest weight state of a[L„,e)- This analysis therefore 
identifies the result of applying o to all irreducibles: 

o{2„..)Al"-"'-'-' if.A = o,-i, ^^^^^ 

I ^n-i.e+k Otherwise. 
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One can deduce the full spectral flow action from this, but we will only make the following explicit: 

a {L„^e) = ^n-e,e+ek (e/k^Z) and (y {'C^n.o) = 'C^n-(+e(e).a- (3.21) 

Here, we introduce a convenient variant e of the sign function on Z: 

4 if^ = +l,+2,+3,..., 
eW=<(0 if^ = 0, (3.22) 

-i if£ = -l,-2,-3,... 

This function will prove very useful in Section [33] 

Consider now the effect of spectral flow on the Verma modules V„ « with < \e/k\ < 1 . As these modules are 
irreducible, it follows from ( 13.21b that we already know that their images under a^ are the irreducible highest 
weight modules ^^n-l.e+lk- Our question is whether these images are in fact the Verma modules 'Vn-t.e+th In 
other words, we ask if every Verma module V„,e with e/k ^ Z is irreducible. This may be settled using 
dUB and dTTsT i: 

{l+Zq'+'){l+Z-'q'-'-') 



Vfv„.i(^^^) -^v„.(^^';^) =^"'v-"^""'/''^n- 






It follows that (J ( V„ e) is an irreducible highest weight module whose character coincides with that of "Vn-i^e+tk- 
The image is therefore this Verma module, proving that all Verma modules with e/fc <^ Z are irreducible. We 
will therefore regard such irreducibles as typical, denoting them by T„ g. 

To analyse the remaining case e/k € Z, it is convenient to resort to somewhat more abstract methods. Since 
spectral flow preserves the submodule structure, we can apply G^ to the exact sequence ( 13.13b to obtain another 
exact sequence of the form 

— > £'„-i/2-e+£{i),ek — > o' ("^n,o) — > ^n+\/2-i+e(t)ik — > 0. (3.24) 

As V„_o is indecomposable, this exhibits o^' (V„,o) (with ^ 7^ 0) as an indecomposable with two irreducible com- 
position factors. Since (13.23b applies, the result of the spectral flow will be the Verma module '^n+i/2-l+eU)/k 
if andonly if A„_i /2_f_i_£(f) ft ^ ^n+\l2-(+£{()lh that is, if and only if ^ ^ 0. Otherwise, we obtain an indecom- 
posable in which the conformal dimension of the singular vector is strictly less that that of the generating state 
(which is no longer highest weight). With the conformal dimension increasing as one descends, the difference 
in structure is as follows: 

^n-ilk ^n-eik 







e<o 


^1 




- 



,- ^.=v?,' .H 



' > . (3.25) 



^n-l-eik ^n+l-eJk 



In fact, the indecomposable on the right is the (twisted) contragredient dual of the Verma module on the left. In 
summary, 

(y^{V„.o)=%-e/k (^ = -1,-2,-3,...). (3.26a) 
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This proves that every Verma module V„,e with e/k e Z_ is reducible with two irreducible composition 
factors. We will therefore regard the irreducible quotients as atypical and denote them by A„^e- To obtain the 
same result for Verma modules with e/k e Z+ (and their atypical irreducible quotients), we can repeat the above 
manipulations for the spectral flow of the conjugate Verma module w ( V„ o) , obtaining 

c^^(w(V„,o))-V_„_(-ft (^=1,2,3,...). (3.26b) 

To summarise, we have shown that the irreducible highest weight modules split naturally into two classes: 
Atypicals An.e with e/k € Z and typicals T„ ,, with e/k ^ Z. The label « always refers to the average A^o- 
eigenvalue of the zero-grade states. The Verma modules with e/k ^ Z are irreducible, V„ g — T„ g, and those 
with e/k e Z are reducible but indecomposable with exact sequence 

O^A„+i,e^V„,e^A„,e^O (e/A: = +l,+2,+3,...), (3.27a) 

Q~^A„-l.e^Vn.e^A„,e^O (e /k = -1,-2,-3, .. .). (3.27b) 

(The exact sequence for e — was given in (13.131 1.) It follows that the unique non-trivial singular vector of an 
atypical Verma module V„.e appears at grade \e/k\ and differs in A'o-eigenvalue from that of the (generating) 
highest weight state by ±1[] It also follows that there are no subsingular vectors in the Verma modules of 
g I ( 1 1 1 ) . The characters of the typical irreducibles are given by 

X. (,;,). ^^+'/V^A-^/^^^n^ii^^iHii^^^ (3.28a) 

and the atypical irreducibles have characters given by 

V.Vy^^-/^^(l+.,0(l+.-V-0 if..-,l,+2,+3,..., 

r~ {ra\ = i ^+^^ -=' (^^^'^ G 28b^ 

^^„,«l^'^^ ^ ^»+i/2^«^+^V2 o. (i+,^,)(l+,-y-i) ^^^_ ^ ^ ^■^■^«'^^ 

For (. — Q, the characters were given in Equation ( 13.121 1. The latter with i ^Q follow readily from this and 
Equation dlTSl l. 

3.3. Fusion. Now that the Verma module structure has been determined, we can turn to an investigation of 
the fusion rules of their irreducible quotients. As exploring the representation ring of g[(l|l) leads to the 
introduction of non-highest weight indecomposables T„, it is natural to expect that analogous indecomposables 
will appear in the fusion ring of 0[(1|1). It is often claimed that an affine superalgebra fusion ring may be 
computed by merely truncating the representation ring of the horizontal subalgebra by the constraints afforded 
by spectral flow. While this is unlikely to be true in general, we can prove this for 0[(1|1) using concepts 
underlying the fusion algorithm of Nahm and Gaberdiel-Kausch 0511641 . 

Roughly speaking, this algorithm allows one to construct a representation 5 on the tensor product (over C) 
of the modules to be fused. The vanishing of singular vectors then amounts to imposing relations upon this 
product (the spurious states ll64l ). Decomposing the resulting quotient representation finally gives the fusion 
rule. For g[(l|l), we will see that we only need the action of 5 on the affine zero-modes: 

5{h)\\v)®\w)\ =/o|v)(8)|w) + (-1)1^11"! I v)®7o|w) {J = N,E,\ir^). (3.29) 



n 

One can even use the spectral flow to derive, ab initio, explicit formulae for these singular vectors. We will not require such formulae here. 
They may be found in 1201 . 
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Note that this precisely coincides with the (graded) tensor product action of £)I(1|1) given in Equation ( 12.101 ) 
(explaining why the affine fusion rules are truncations of the horizontal subalgebra's tensor product rules). 

We begin by discussing the fusion rules involving the atypical irreducibles A„o. It follows from the general 
theory that the zero-grade subspace ofA„x) x A„i q is a quotient of the tensor product of the zero-grade subspaces 
of yi„ and A„i q. While the corresponding Verma modules have singular vectors (at grade 0), these do not result 
in spurious states because they effectively define the zero-grade subspaces. Thus, there is no truncation and the 
zero-grade fusion product is one-dimensional. Applying Equation ( |3.29t gives the eigenvalues of A'o and Eo as 
n + «' and 0, respectively, on the fusion product. We conclude that 

A„fi X A„io = -^H+n'.O: (3.30) 



because the result is manifestly a highest weight modulqj with a one-dimensional zero-grade subspace. 

The fusion rules involving the typical irreducibles T,,,^, with e/k ^ Z are even easier to elucidate. Because 
their parent Verma modules are irreducible, there are no vanishing singular vectors, hence no spurious states. 
Repeating the previous arguments, we see that the zero-mode action on the zero-grade subspace of the fusion 
products yi„,o X 7„i I, andT^^e x 7„ii,i is identical to the gl(l|l) tensor product action. Equations (12.11b - ( 12.13b 
therefore give 

Ai.O X '^n'.e' = "^n+n'.e': (3.31a) 

7„,e X T„/f,/ ='J„+„'+i/2,e+e'®'^n+n'-l/2,e+e' i{e + e') /k(^ Z) (3.31b) 

and '^n.e^Zt'.-e^'^n+n'.O- (3.31c) 

We have excluded {e + e') /k = ±l, ±2, ±3, . . . from ( I3.31bb and (I3.31cb because in these cases, the zero-grade 
calculations suggest atypical modules whose Verma parents have singular vectors of positive grade. Our calcu- 
lations cannot yet detect whether these singular vectors vanish or not. Moreover, this exclusion lets us deduce 
that the sum in ( I3.31bb is direct because A„^„/^i /2 g+g/ — ^„+n'-i/2,e+e' = (^ + ^') /^ ^ ^■ 

Equation (I3.31cb effectively defines the gl(l|l)-module Tno whose zero-grade subspace is the indecom- 
posable g((l|l)-module T„ described in ( 12.14b (with average A'o -eigenvalue n and Zso-eigenvalue 0). Because 
^n+i/2,0 appears as a submodule of CP,,, we may conclude that there is a submodule of Tn.o isomorphic to a 
quotient of V„^i « o- As the singular vectors of the latter are all at zero-grade, inspection allows us to conclude 
that this submodule is in fact isomorphic to V„^W2 o- Similarly, we deduce that the quotient of Tn o by this 
submodule is isomorphic to V„_i « q. This gives the exact sequence 

-^ ^„+ll2fi -^ ^nfi -^ V„_ 1/2,0 -^ 0. (3.32) 



We mention that for g I ( 1 1 1 ) , the identification of a fusion product is particularly simple because we do not need to consider modules whose 
zero-grade subspace is trivial. Modules with trivial zero-grade subspaces significantly complicate the identification of fusion products for 
other affine algebras and superalgebras (such issues are detailed for si (2) in I43K6I ). 
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We remark that Lq acts non-diagonalisably on CPn.o- In fact, Lq annihilates every state except those associated 
with the top A„,q factor in the structure diagram 

■An.Q 



■A„+lfi fnfi Ai-LO • (3.33) 



■^nfi 

These states are instead mapped into the bottom A^q factor. y^Q therefore quaUfies as a staggered gl(l|l)- 
module and any conformal field theory in which this module appears is logarithmic. 

To investigate the fusion rules of the A„,e with e 7^ 0, we will exploit the symmetry of the fusion rules under 
the induced action of the spectral flow automorphisms|j 

(7^ (Ml) X (7^"(M2) = (T^+^"(Mi X M2). (3.34) 

Strictly speaking, this symmetry is only a conjectured relation for affine Kac-Moody (super)algebras, although 
it has been tested for si (2) 043II46I and is well-known for integrable modules ll65l . We have checked several 
fusion rules for g[(l|l) using the full Nahm-Gaberdiel-Kausch algorithm and found that (13.34b holds in every 
case. 

Combining Equations ( 13.21b . ( 13.30b and (13.34b then gives the fusion rules of the general atypicals An^e- The 
result is best summarised by introducing the combination 

e(£,/) =e(£) + e(/)-e(^ + /), (3.35) 

where we recall the definition of the sign function £ {€) from Equation ( 13.22b . We find that 

A„/k X -^n'J'k — ■^n+n'-e(t/),(l+i')k- (3.36) 

Similarly, applying spectral flow to (I3.31ab yields 

A„/k X 7n',e' — '^n+n'-£{e).e'+lk- (3.37) 

However, repeating this for (I3.31cl ) requires us to identify the images of the ?„ o under spectral flow. From 
Equation ( 13. 21b and the diagram (13. 33b . we see that the structure diagram of a^ (5'n,o) may be obtained from 
that of CP„,o by setting the iio-eigenvalue to (.k and replacing nhy n — £ + e{£). We therefore write 

o' (y«,o) = '^n-e+e{e),ek, (3.38) 



In principle, one can use the Nahm-Gaberdiel-Kausch algorithm. However, the presence of positive-grade singular vectors in the corre- 
sponding Verma modules would result in a tedious search for spuiious states. Moreover, the zero-grade subspace carmot distinguish A„,e 
from V„j, when e^O, hence one would have to resort to further tedious computations in order to identify the fusion result. 



■fi^nlk X '^n'fk = 


= 3'„+„/_£(£_f )_(^+f/)^, 


Tn,e X '^n'^'k = 


= 'J'n+«'+l-e(f),e+rtffi^ 


'^nlk X J'n'.f'A: = 


^'^n+n'+l-e(e./'),(i+(')k 
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thereby extending the definition of the indecomposables Vn.e to all e/k e Z. With this notation, we can apply 
spectral flow to the fusion rules (I3.31bb and ( I3.31cb . obtaining 

- - \'yn+n'+£{{e+e')/k).e+e' if (e + e') /^ G Z, 

['^n+«'+i/2.<;+e' © 'J',7+,/-i/2,<;+e' Otherwise. 

The CP„ e may also be identified as staggered modules on which Lq acts non-diagonalisably. However, this 
non-diagonalisable action is not apparent until grade \e/k\. 

Equations ( 13.361 1, ( |3.37| i and ( 13.391 1 therefore give the complete collection of fusion rules for the irreducible 
modules of g[(l|l). It remains to compute the fusion rules involving the indecomposables ?„.£. As with the 
tensor products ( 12.161 1. these follow readily from associativity: 

(3.40a) 

^%+n'-e(e'),e+e'k © '^n+n'-l-e(f),e+e'k, (3.40b) 

^'^n+n'-e(ij'),{e+e')k®'^n+n'-i-e(e/'),(e+f)k- (3.40c) 

3.4. Characters and the Modular Group. For rational conformal field theories, in which the spectrum con- 
sists of irreducible modules, the fusion rules may be computed from the Verlinde formula. This relates the 
structure constants of the fusion operation to the modular transformation properties of the characters of the irre- 
ducible modules. In logarithmic conformal field theories, this link between fusion and modular properties does 
not hold in general, essentially because the (non-trivial) indecomposable modules cannot be distinguished from 
a direct sum of irreducibles by the characters alone. What one therefore expects is that the Verlinde formula will 
reproduce the structure constants of the Grothendieck ring of characters . This is the projection of the fusion ring 
onto the abelian group generated by the irreducible characters. The ring structure is determined by t he p rojec- 
tion of the fusion operation, assuming of course that this projection gives a well-defined multiplicationlj In this 
section, we verify that for typical 0[(l|l)-modules, the Verlinde formula does indeed reproduce the structure 
constants of the Grothendieck ring. As the verification for the atypical modules is very similar, it is omitted. 

First, we check that the Grothendieck ring is well-defined, meaning that fusion descends to a well-defined 
operation on the characters. This will be so if the kernel of the projection, the linear combinations of modules 
whose characters cancel, forms an ideal of the fusion ring. It is clear that this kernel is generated by the 
combinations of the form 

3^H,» = Ai-Laffi2yL„,ft®yi„+i^fte Tn.ft. (3.41) 

We therefore check from Equations (|336] |. (|337] |. (|339] | and (l3l^ that 

■A„,ft X Xn'fk = '^n+n'-E(iJ'),(i+l')k ™d '^n.e X 3C„/_£/^ — Tn/k X 'i(-n' fk = 0- (3.42) 

The kernel is therefore an ideal of the fusion ring and the Grothendieck ring of characters is isomorphic to the 
quotient of the fusion ring by this ideal. 

We now turn to the modular properties of the irreducible characters in order to verify the Verlinde formula. 
To prepare for this, we define the normalised character of a module M to be (recall that c = 0) 

ch[M] {x-y-z-q) = tr^xy«z^«/°- (3-43) 



Distinguishing tlie ring of chai'acters from tlie fusion ring may seem to be of purely mathematical interest, but it turns out to be very 
useful. For example, this shift of viewpoint completely explains the long-standing issue of interpreting "negative fusion coefficients" in 
fractional level Wess-Zumino-Witten models 1481 . 
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We remark that we have deliberately broken the invariance ( 13.31 ) under a rescaling of the level by writing x'^y^" 
rather than xy^"'*^ above. This follows the tradition of including a generator x for the level, necessary for a 
well-defined action of the modular group. The normalised character of a typical irreducible then follows from 
Equation ( I3.28al l: 



ch[T„,,] {x;y;z;q) = ^y^+mq"e/k+e^m^Yl -^ 

{l-q') 



Instead of taking the trace in ( 13.431 1. we could have taken the supertrace, thereby obtaining the supercharacter. 
For typicals, this is 

sch[T„J {x;y;z;q) = ±i^/z"q^"-^^^, (3.44b) 

where the choice of sign ± is correlated with whether the highest weight state is chosen to be bosonic or 
fermionic. To obtain the other Jacobi theta functions, we must twist the typical modules by half-integral powers 
of the spectral flow automorphism (7. The fermionic currents xf/^ will then be half-integer moded, so this gen- 
eralises the Neveu-Schwarz sector familiar from free fermion theories!^ Defining 7,^"^ = (y^^'^{'J„_i/2.e+k/2)^ 
and noting that ff^^'^ preserves the parity of the highest weight state (unlike cr''^), we obtain the characters of 
the twisted typicals from a slight generalisation of (13.18b : 

ch[T„'-](x;y;z;^) =ch[T„_i/2.,+,/2](xy-'/2;3;;,^-i/2.^) ^ //,«/.. ^Ifi^ . (3.44^) 

Similarly, the corresponding supercharacters are 

sch[T„'::] {x;y;z;q) = ±x*^/z«/- ^^ii^ . (3.44d) 



The fusion rules for twisted modules follow from those given in Section 13.31 for standard (Ramond sector) 
modules by applying Equation (13.34b . We note that TjJ™ is a highest weight module with a one-dimensional 
zero-grade subspace and that its highest weight state has weight (n,e) and conformal dimension A„,£. — |. 

The modular transformations of the typical characters can formally derived as follows. First, write x — e^"^', 
y = e^'^^^, z = e^'^''' and q = e^'^'^. The modular T-transformation then maps (f , v,^, t) to (f , v,jU, T + 1) and 
induces the following transformation of characters] i 

ch[T„,,](T(f|v|MK)) -e2'^'^-ch[T„.,](f|v|M|T), (3.45a) 

sch[T„.,](T(f|v|MK)) =e2'^'^-sch[T„,,](f|v|M|T), (3.45b) 

ch[T„'-](T(f|v|M|T)) -e2-(A«..-i/8)sch[?„'::](f|v|M|T), (3.45c) 

sch[?„';:](T(f|v|^|T))-e2'^'K-i/8)ch[T„'-](f|v|Ai|T). (3.45d) 



Indeed, this procedure amounts to considering tlie modular transformation properties of the bosonic subalgebra W of the universal 
enveloping algebra of gl(l|l), generated by W, E and l//*5i//^. For the free fermion, this bosonic subalgebra is just the Virasoro algebra at 
c = 5 . In this case, adding twisted sectors is equivalent to reproducing the modular properties of the Ising model. 

The fact that T acts non-diagonally on the twisted (super)characters is standard for theories with fermions. 
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Here and below, (super)characters will correspond to typical modules with bosonic highest weight states. If the 
opposite parity is required, one merely negates the supercharacters. It is clear that changing the parity in ( 13.451 ) 
only changes the twisted formulae by an overall factor of — 1 on the right hand side. 

For the ^-transformation, mapping {t,v,iJ.,T) to (f - Vju/t, v/t,;u/t,-1/t), we recall that 



a 

when the real part of a is positive. We will define this integral for all a through analytic continuation. Using 
( 13.46b twice, we compute that 

dnd{e/k) ch[T„,«] {S{t\v\lx\T))eM"''/^+"''/''+''''''') 
t7(-1/t)^ JJm 



= / 



^ITCH 



Ix-lnikiiv/x ^^[^\x) 



^V^ly / (j„ g27ri(Ai/T+e'A)« I (j(g/^) ^-inie/kf lT-2m{nlT-vklz-n'-e' lk)elk 



-IT 



V-iT T] (t) 

: (0 {T)x'e^'''^''e^-^^"'e^'''''^'-'-' ^^^^ 



77 (rr 
= «(T)sch[T,;,*^,](f|v|M|T). (3.47) 

Here, we have used the analytic continuation of (13.46b with a — —injx to evaluate the integral over n. The 
additional square root of —1 which we obtain beyond the desired factor of ^ —\X is denoted by O) (t). Inverting 
this Fourier transform of the characters then gives 

ch[T„,,] (S(r|v|M|T)) =&{%) [[ dn'd{e'/k) sch[T„r,,] (f|v|^|T)e-2'^'KA+«WA:WA2)^ (3_4g^) 
Similarly, we obtain 

sch[T„^,] (S(f|v|MK)) = -i«(T) // dn'd{e'/k) sch[T„,y] (f |v|^|T)e-2'^'KA+«'^AWA2)^ ^3 4g^) 

ch[T„';:] (S(f|v|MK)) = «(t) [[ ^dn'd{e'/k) ch[T„r^,] (f|v|^|T)e-2'^'KA+«WA:WA2)^ (3 48^) 

J JM.~ 
Sch[T„';^] (S(f|v|MK)) = ©(t) // dn'd{e'/k) ch[T„,y] (f|v|^|T)e-2'^i(-'A+«WA:W/A:2)^ ^348^^ 



To constrain (o, we impose the relations S^ = (ST) = C, where C is conjugation. Note that C (f |v|/x|t) = 
(f|- v| -^|T)and 

ch[T„,,] (r| - v| - mIt) = +ch[T_„,_,] (f|v|Ai|T), (3.49a) 

sch[T„,,] {t\ - v| - Ai|T) = -sch[T_„,_,] {t\v\n\T), (3.49b) 

ch[T„'-] (f| - v| -m|t) = +ch[Tl- _,] (f|v|M|T), (3.49c) 

sch[T„':^] (r| - v| -^|t) = +sch[Tl- _,] {t\v\^i\T), (3.49d) 
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as ■§1 is odd as a function of jj. whereas the other theta functions are even. This indeed agrees with the iden- 
tification of the conjugate of T„ g with 7^„,^e — the sign for the untwisted supercharacter reflects the fact that 
typical modules change parity under conjugation so that conjugate fields have the same parity. Similarly, one 
can check that the signs are correct for the twisted modules, essentially because the zero-grade subspace is then 
only one-dimensional. Applying Equations (13.451 1 and (13.48b to check S^ ~ (ST) ~ C would then reproduce 
the above results if 

co(t)co(-1/t) = 1 and «(-l/T)a)(T/(T+ 1))«(t+ l) == i. (3.50) 

This is easily satisfied. For example, we may choose a t on each PSL (2;Z)-orbit, set (0 (t) = i, and extend (0 
to the rest of the orbit by negating its value every time that S or T acts. 

We remark that the factors of co (t) appearing in the S'-transformations are required for a well-defined mod- 
ular action, but even with the above choice, the resulting modular action is (mildly) non-linear However, 
our results show that the (un)twisted (super)characters of 0((1|1) always carry a projective representation of 
SL (2;Z), for which questions about CO (t) are irrelevant. Moreover, this is sufficient for the application of the 
Verlinde formula as the T-dependent phases will cancel. 

It moreover appears that we have to include all typical modules, or at least a set of full (Lebesgue) measure, to 
get closure under the modular group action!^ The modular transformations of the irreducible atypical modules 
•A„,(k now follow from ( 13.151 ) and its spectral flow versions. In particular, we find that the vacuum character and 
supercharacter transform under S as 



ch[Ao.o]{S{t\v\n\T)) = ^(-l)^'ch[V_,._,/2,o](S(f|v|M|T)) 

= C0{z)Y,{-iy [[ dnd{e/k)sch[7^Z]{t\v\^\T)e 



j=o 



, ^[[a Ai „, sch[T,a(f|v|M|T) 
= ^i^)JJ^,^"^('/'') ^..e/k + ^-in./, ' (3.51a) 

sch[io.o](S(f|v|Ai|T)) = £sch[V_,_i/2,o](S(f|v|MK)) 
;=o 

^icoiT)Jl^dndie/k) J;,,^,^^_!:y . (3.51b) 

The generalisation to the twisted vacuum module and more general atypicals is straight-forward. These results 
also suggest that a set of typical modules of full measure is required for modular invariance. 

We now use these transformations to verify the Verlinde formula for typical characters. As we have a con- 
tinuous spectrum, this formula will involve an integral over the typical "5-matrix coefficients" 



Sin,e)in'.e') - (-i)' « (t) e-2-(-'/^+«'^/i+-7<:^) (3.52a) 



and the vacuum coefficient 



i^a)(T) 



^{ofi){n.e) = - — 7. : — — — : — -■ (3.52b) 



Clearly, we should exclude e/k G Z from the integration ranges in this section. 
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In ( I3.52al i. 5 vanishes unless («,e) and («',e') both correspond to untwisted supercharacters, in which case it 
is 1 llj In ( I3.52bl ). d' — 1 for the vacuum supercharacter and for its character The Verlinde coefficients for 
typical characters are then 



dnd 



(e/k) Q-^^^{"i'^l+^2-e3)/k+e{ni+n2-in)/k+e{ei+e2-e3)/k^j ^ ^ijie/k . ^-iKe/k\ 



(3.53) 



= 5((ei +62 — 63)/^) 5(ni +n2 — "3 + 1/2) + 5(ni +n2 — "3- 1/2) ■ 
They therefore reproduce the fusion rule ( 13.391 1. projected onto the Grothendieck ring of characters: 

ch[T„,,,Jxch[T„2,.J= //" dn3d(e3A)A^^ ~ ^"^^"^^ch[T„3,,3] 

J JR^ ■'n[,e[ ■'"2,62 

= ch[T„|+„2 + l/2,ei+e2j +^^[^ni+n2-l/2.e,+e2\- (3.54) 

Note that the non-linear factors CO (t) cancel in the final result. Similarly, the Verlinde coefficients for typical 
supercharacters are 



y^- - ^"3"3^5((ei+e2-e3)A)[5(«i+«2-«3 + l/2)-5(«i+«2-«3-l/2) 



(3.55) 



^ sch[T„,,,,] xsch[T„2,e2] = sch[T„,+„2+i/2,«i+e2] -sch[T„j+„2-i/2,«i+«2]- •^^.56) 

This correctly reflects the parity of the components of (13.391 1. 

4. CosET Theories 

As we have seen, theories with g[(l|l)-symmetry have vanishing central charge. Any coset by a u(l)- 
subalgebra will therefore have c = — 1 and the coset by the u ( 1 ) ® u ( 1 )-subalgebra generated by the A^^ and E,- 
will have c — —2. Our claim is that one may choose the u(l)-coset so as to obtain the well-known j3 7 ghost 
system. It will then follow from |59| that the u(l) ©u(l)-coset will realise the theory of symplectic fermions 
(or one of its orbifolds 1601 ). In this section, we demonstrate this claim after first reviewing the j3 7 ghost system, 
following II46I48I59I . This is followed by a brief discussion of some other interesting cosets that can be obtained 
from g [ ( 1 1 1 ) and what this may mean for g [ ( 1 1 1 ) spectra. 

4.1. Py Ghosts. The c = — 1 jSy ghost system is generated by two bosonic fields whose operator product 
expansions are 

J3(z)/3(w)=2e(vv) + ..., l5{z)Y{w) = ^—+h{w) + ... and 7(2) 7(vv) = 2/(vv) + . . . (4.1) 

z~w 

The fields e (w), h {w) and / (w) generate an si (2)-subalgebra at level k = —^. With respect to the zero-mode 
/zo, the ghost fields )3 (z) and "/{w) have weights 1 and —1, respectively. The energy-momentum tensor of the 
theory is of the Sugawara form and is given compactly by 

t{z)^\:d^{z)y{z)-^{z)dy{z): . (4.2) 



The conformal dimension of the ghost fields is 



1 



In fact, these coefficients should be understood to vanish unless («,e) and («',«') correspond to an untwisted character and a twisted 
supercharacter or both correspond to either an untwisted supercharacter or a twisted character (see Equation )3.481 ). 
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This ghost system is a free field theory in the sense that its Verma modules are irreducible. However, the 
underlying s[(2)-symmetry restricts the spectrum within the highest weight category to just two modules, the 
vacuum module Lq with highest weight and the module L_ 1/2 with highest weight — 5 (where "weight" refers 
to the eigenvalue of ho). On the former, the ghost modes carry half-integer indices, whereas on the latter the 
indices are integers. Closure under conjugation and fusion forces us to extend the spectrum by the modules 
obtained under the induced action of the spectral flow automorphism 

iiPr) = Pr-1/2 and g{7r)=rr+i/2 (4.3a) 

which swaps the integer and half-integer mode sectors. Indeed, i;(Lo) = L_i m and the module conjugate to 
g^ (Lo) is g^^ (Lq) . Extending this automorphism to the si (2) zero-modes gives, in particular, 

g{ho)^ho + - and q(£o) ^ i^- -ho- -, (4.3b) 

where £0 is the zero-mode of the energy-momentum tensor t (z). 

We therefore obtain an infinite family of irreducible ghost modules g^ (Lq), all related by spectral flow. For 
\£\ > 1, the conformal dimensions of the states of these modules are not bounded below. Enlarging the collection 
of irreducibles by admitting relaxeco highest weight modules ll66l (and their images under spectral flow) leads 
to a continuum of families of irreducible modules g^{^x) with —^<X<j. The modules E;^ are aU relaxed 

highest weight modules whose zero-grade states have weights belonging to Z + A and conformal dimension 

_i 

8- 

The free field nature of this theory makes its characters particularly easy to determine. For the vacuum 
module Lq, the obvious Poincare-Birkhoff- Witt basis implies that 

~ 1 ~ „(mi+m2)/2 

where {q)^ — H/'li (l — 1') and we use the standard identity ll67l Eq. (1.3.15)]. Iterating Equation ( 14.3b then 
gives the characters under spectral flow: 

, ~ Jmi+m2)/2+{mi-m2)(J2-f/8 

XM^){^^^)-^-"'^-"XS-'i"'-^'i)- L /, M ^'"-"''-"'- (4-4b) 

Similarly, the characters of the E;l and their spectral flow images are 

^ ^^' {q)oo mGZ+A-f/2 



The fusion ring generated by these irreducible ghost modules has been computed in ||59ll , assuming only the 
validity of the analogue of Equation ( 13.341 ) (with a replaced by g). With this assumption, we can restrict to the 
fusion rules involving Lq and the E;^ , — 5 < A < j, without loss of generaUty. The ghost vacuum module Lq is 
found to be the fusion identity, whereas 

S ifA + u = (modi), 

E;L X E^ = <( r- K J ^^^^^^ 

5(lEA+M+i/2)©r'(lEA+M-i/2) ifA + M^O (modi). 



The definition of a relaxed highest weight state is obtained from that of a standard highest weight state by omitting the requirement that 
the state be annihilated by the zero-mode raising operators. In this case, we no longer require annihilation under Po . A relaxed highest 
weight module is then a module which is generated by a relaxed highest weight state. 
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EAX§ = g2(E;L)®2E;L®$-2^EA) and § x § = g2(§) ffi2§® g^^^S). (4.5b) 

The addition of the indices of ghost modules will always be understood to be taken modulo 1 . The ghost module 
§ appearing in these fusion rules is an indecomposable staggered module of structure 



g2(Lo) S r'(Lo) • (4.6) 



Lo 
4.2. A u (1 )-Coset. We now turn to the analysis of a coset conformal field theory of the form 

0[(1|1) 



(4.7) 



C(l) 

It is, however, evident that 0[(1|1) has many u(l)-subalgebras including, in particular, those generated by the 
fields d(pr „ (z) = ^N (z) + rjE (z) with ^,77 7^ 0. These fields satisfy the operator product expansions 

dcp^j^ (z) dcp^,^ (w) = -2 + regular terms, (4.8) 

(z - w) 

hence the u(l) energy-momentum tensors and the corresponding conformal dimensions of the u(l)-highest 
weight states are given by 

?W-^^:^<PC,,,W^<PC,,,W: and A„,, = ^^ (Cn + 7?e)^ (4.9) 

In order to obtain the jSy ghosts, we will identify the correct d(prn (z) as follows: First, define the extremal 
states of a g[(l|l)-module to be any state whose conformal dimension is minimal among those states of the 
module with the same A^o-eigenvalue. Similarly, the extremal states of a j3 7 ghost module are the states whose 
conformal dimensions are minimal among those states of the module with the same /zo-eigenvalue. For example, 
the extremal states of the gt ( 1 1 1 ) and ghost vacuum modules ^lo^o and Lq are 

V/+,---v/+2r-i|0.0). i3:i/2|0). 

and (r== 0,1,2,...), (4.10) 

respectively. Now, the extremal states of a g[(l|l)-module are obviously u(l)-highest weight states regardless 
of the choice of C, and 77. Moreover, given such an extremal state, any other u(l)-highest weight state with the 
same A^o-eigenvalue will have the same u(l)-conformal dimension. Hence, the extremal states give rise to the 
states of minimal conformal dimension in the coset theory among states of constant A^o-eigenvalue. It follows 
that extremal states in yigo will represent extremal states in the coset vacuum module (which we intend to be 
Lo) if we can consistently identify A'o-eigenvalues with /zq -eigenvalues. 

To show that this is possible, note that there is precisely one field (up to scalar multiples) which corresponds 
to a u(l)-highest weight state in ^lo^o with A'o -eigenvalue and coset conformal dimension 1: dq)r _„ (z) — 
CN{z) — rjE (z). This must therefore represent h (z) in the coset theory. Normalising by ^ = 1, it follows from 
e — for Aqo that the eigenvalues of A^o and h^ may be identified on their respective vacuum modules. To 
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determine the constant 77, note that the identity field of the 0[(1|1) theory must map to the identity field in the 
coset theory. Comparing 

—2rik —1 

d(pi,^r]{z)d(pi.-r^{w) = - —2+... with h{z)h{w) = - "j + ■ ■ ■ (4-11) 

(z -w) (z - vv) 

then gives i? = ^ • The appropriate u ( 1 )-subalgebra for constructing the coset theory is now fixed by requiring 
that the g [ ( 1 1 1 ) field i^+ (z) is represented in the coset theory by a field of /iQ-weight 1 and conformal dimension 
5 (which we will identify with j3). This u(l)-subalgebra is therefore generated by 

d(p{z)=N{z) + ^E{z). (4.12a) 

We remark that this defines a euclidean boson, whereas the bosonic field 

d^{z)=N{z)-^E{z) (4.12b) 

which represents h (z) in the coset theory is lorentzian. Let Oq be the zero-mode of (9(p (z). 

To prove that the coset theory ( 14.71) admits the jSy ghost algebra as its chiral algebra, we will first show 
that the decomposition of the gl(l|l) vacuum character into u(l)-characters results in the fiy ghost vacuum 
character Writing the g [ ( 1 1 1 ) vacuum character (13.12b in the form 

1 ~ „m,(mi + I)/2+m2(m2 + l)/2 

1 °° Jmi-m2) /2 mim2 + {nn+m2)l2 
= Y - - ftl-m2 (4 13) 

using the well-known identity ll67l Eq. (1.3.16)] and noting that the first factor inside the sum is precisely the 
characterof an irreducible u(l)-module with Oo-eigenvalue mi —m2, we see that the coset character is 

1 00 mim2 + {mi+m2)/2 
— — £ ^m,-m2_ (4J4-) 

W)~m|,m2=0 Vl)m^\'i)m2 

This will match the ghost vacuum character ( |4.4a| ) if the following remarkable identity holds: 

L ( ^ ( ^ ( ^ ^Y.T^^^ (meiZ). (4.15) 

j%\ Woo {q)j-,nWj+m j~\^r\il)j-mWj+m 

Here, the sums either run over integer values or half-integer values so that j ± m is always integral. We verify 
( 14.15b in Appendix m 

To complete the proof that the coset algebra of ( 14.7b is that of the jSy ghosts, we need only remark that 
the chiral algebra is in this case completely determined by the coset vacuum module. Explicitly, the zero- 
mode Oo = A^o + Jk^Q of the u ( 1 )-subalgebra has a well-defined action (grading) on the coset theory, hence the 
dimension j fields of the latter theory are constrained to satisfy 

Piz)p{w)^0, ^(2)7(w)^^- and rW/H^O, (4.16) 

z~w 

for some constant a. Clearly, we can scale the generators to get a = — 1. The statistics of j3 and /are then fixed 
by requiring that the coset energy-momentum tensor t = T — T has central charge — 1 . The proof is therefore 
complete. 
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It remains to determine the decomposition of the remaining £)I(l|l)-modules into u(l)-components. We 
have already seen that the vacuum module Ao,o decomposes into the coset vacuum module Lq. It is simple to 
generahse the above analysis to the modules A„o, finding that 

noting only that the additional factor of z" means that we must extract the u(l)-character with ao-eigenvalue 
n + mi — 1112- With ( |4.15t . this allows us to identify the corresponding coset character as that of g^^" (Lq) (see 
Equation ( I4.4bl )). 

To extend this to the remaining atypical irreducibles A„jk, we use the spectral flow ( 13.211 ) to write 

(4.18) 
where e {£) was defined in Equation ( I3.22l i. The analysis is slightly more subtle than before because the A^q- 
eigenvalue of a state in .A„ a- differs from its Oo-eigenvalue by £/2. We must therefore extract the u ( 1 )-character 
with OCQ-eigenvalue n + j£ — e {£) + mi ~ m2- Proceeding then gives the coset character as 

, oo mi,„2 + (mi+m2)/2-(«+£/2-£(^))(m,-m2)-(«+i"/2-£(^))V2 , ,^^ 

J_ ^ q ^ ^+^-.(£)+m,-m2. (4.19) 

\l)oc mi, 7172=0 Wimi Vl)m2 

But here the exponent of z is still measuring the A^Q-cig^nvalue rather than the /zq -eigenvalue we need for the 
coset. Since ho has been identified with A^o — jj^Eq (Section 14.11 ). the coset character must be corrected by a 
factor of z^^' ^. With this observation, the final result is seen to be the character of g-2«-/'+2£(^) (f^^^ . 

The analysis of the typical irreducibles T„ e {e/k ^ Z) is similar. We use Jacobi's triple product identity ll67l 
Eq. (1.6.1)] to write the character (I3.11l l in the form 

.n+l/2 A„.f. 

X^ {z;q) = , J E g^^^+'^/V. (4.20) 

WJoo meZ 

Extracting the u(l)-character with Oo-eigenvalue m + n + \/2 + e/2k and correcting by the factor z^"''^^ gives 
the coset character as 

t '. __ £ ^-(2«+.AW2^^ (4.21) 

(?)oo mGZ+«+l/2-e/2A 

which we identify from Equation ( I4.4cl ) as the character of g-2«-e/A: (^Ei/2-(;/i:) . 

To summarise, we have decomposed each irreducible gl(l|l)-module into u(l)-modules and identified the 
resulting coset modules under the action of the )3 7 ghost algebra. Specifically, we find that the correspondence 
between g [ ( 1 1 1 ) -modules and ghost modules is given by 

i„,«-^r'""'+'''''(Lo) and T„,,^g-2«-A(Ei/2_,/,). (4.22a) 

Because our u(l)-subalgebra acts semisimply on every g[(l|l)-module that we consider, we also obtain the 
correspondence for the indecomposables CP„.e (with ejk G Z). Specifically, applying (I4.22ab to the structural 
diagram (13.331 ) (with the £0 -eigenvalues set to e rather than 0) and comparing with the diagram ( 14.6b . we 
deduce that 

5',,«~>r'"-'+'^(''(§). (4.22b) 
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This follows because the structure diagram of S and the non-diagonalisable action of the coset Virasoro mode 
io completely determine it as a ghost module |59|. It is tedious but elementary to check that applying this 
correspondence to the fusion rules of g[(l|l) (given in Section [TST l reproduces the fusion rules of the ghost 
algebra (given in Section HTTT i. 

4.3. Other Cosets. Mathematicians define a general coset algebra g/f) to be the commutant of the vertex al- 
gebra associated with f) in the vertex algebra associated with g. Roughly speaking, this means that the coset 
fields may be identified with the fields of g which have regular operator product expansions with every field of 
t). This definition of coset algebra is, however, usually far smaller than what physicists would generally regard 
as the coset symmetry algebra. One is then required to extend the commutant to a physically relevant coset 
algebra. For example, applying this to the coset theory determined in Section|42]leads to the zero u{l)-charge 
subalgebra of the ghost algebra, generated by the product : j3 7 : of the ghost fields. Despite this limitation, the 
mathematician's definition has the advantage that the coset algebra is already equipped with the algebraic struc- 
tures By contrast, the construction of Section l4~2l proceeded by determining the character of the coset vacuum 
module and then deducing the algebraic structure from this. This is easy when the conformal dimensions of the 
generators are small, but non-trivial in general. 

An alternative means to construct the coset symmetry algebra becomes available when one has a (suitable) 
free field realisation of g. For the commutant of the induced free field realisation of f) within that of g is 
usually large, yielding (free field realisations of) coset algebras that are usually satisfactory to physicists. The 
cohomological issues arising with general free field realisations can cause difficulties in this approach, but in 
favourable circumstances, the computations proceed relatively painlessly. This is especially so when the free 
field realisation is closely related to the coset being examined. 

The coset discussed in Section W2\ falls into the category in which circumstances are favourable. In the 
familiar free field realisation of gl(l|l) in terms of a pair of symplectic fermions and a pair of free bosons of 
opposite signature (see Appendixicli. the field d(p ^N + E /2k generating the subalgebra may be identified with 
the euclidean boson. At the level of free fields then, the coset theory consists of the symplectic fermions and 
lorentzian boson algebras. This is of course a free field realisation of the j8 7 ghosts ll47l . Note however that the 
free field commutant is considerably larger than what is required to construct the ghost fields. The symplectic 
fermion fields, for example, do not correspond to anything in the ghost theory in this approach. Instead, one 
has to identify the ghost fields as a subalgebra of this commutant by combining the fermions with certain vertex 
operators for the remaining boson. In general, this is guided by the character decompositions of the previous 
section. 

For a less familiar example, suppose we take the coset by the subalgebra generated by the lorentzian bo- 
son d(p = N — E /2k, so that the free field commutant combines the symplectic fermion and euclidean boson 
algebras. Character methods suggest that the physically relevant subalgebra will be generated by two fields g* 
of dimension | and charges ±1 (under dcp). Constructing such fields expHcitly as g''= = : e''"'' : X"^ (see Ap- 
pendix |C] for our free field notations) leads to the identification of this subalgebra as the Bershadsky-Polyakov 
algebra W3 of level and central charge — 1 . This algebra is reviewed in AppendixlD] 



This may be understood by noting that the conformal dimensions of the commutant fields do not change when passing from the parent 
theory to its coset. The form of their operator product expansions therefore remain invariant. For physically relevant cosets, one needs a 
wfay of extending this to fields whose conformal dimensions do change (because the coset energy-momentum tensor is not the same as that 
of its parent). This quest for an (interesting) algebraic structure underlies coset studies in general. 
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It is clear that there is an infinite number of coset theories that one can construct based on gl (1 1 1 ), many of 
which we may recognise. In addition to those already discussed, the computations of Section|5]suggest several 
more. We summarise a selection of these in Table[T] omitting proofs and decomposition formulae for brevity. It 
is remarkable that g I ( 1 1 1 ) is connected to so many other interesting theories in this way. 



f^ 


u(l)-current(s) 


Symmetry Algebra of g [ ( 1 1 ) / 1) 


2(1) 


N + E/2k 


/3 7 Ghosts 


2(1) 


N-E/2k 


(2) 

W^ at level zero 


S(1)®2(1) 


N±E/2k 


^l(l|l) 


u(l) 


3N/2+E/k 


s2Jic' ' at central charge — 1 



Table 1. Symmetry algebras of some g[(l|l) cosets by a subalgebra f). ps[(l|l) is the 
symplectic fermion algebra, W3 is the Bershadsky-Polyakov algebra and s2Jir' ' is the 3^ — 2 
superconformal algebra (see AppendixiDli. 



4.4. Cosets and 0[(1|1) Spectra. The identification of the coset g[(l|l)/u(l) with the /3 7 ghost system sug- 
gests some non-trivial possibilities for the nature of the possible spectra of g [ ( 1 1 1 ) . The ghost system is believed 
to admit an infinite number of compactified (or orbifolded) theories, of which two are of particular interest. The 
first is a non-logarithmic theory built from the irreducible vacuum ghost module Lq and its spectral flow images 
g'" (Lo) with m e Z. These modules decompose into the set of admissible modules of Kac and Wakimoto (and 
their spectral flow images) for the underlying s[(2) j ^-subalgebra 1591 . Indeed, this set is the smallest set 
of s[(2) [ /j-modules containing the admissibles which is closed under conjugation and fusion. The second 
compactification is a logarithmic theory built from the ^"'(Lo) and the images of the relaxed highest weight 
ghost module Eq under g"', again with m e Z. The interest in this larger set of modules arises because, upon 
decomposing again into si (2) j /j-modules, the relaxed highest weight modules are requked in order to recover 
the fuU spectrum of the c = — 2 triplet model under a further u(l) coset ll59l . We recall that the fusion of Eq 
with itself gives rise to the indecomposable S, whence the logarithmic nature of the theory ll46l . 

The coset decompositions derived in ( I4.22l i now suggest that it must be possible to consistently truncate 
the spectrum of g[(l|l) so as to obtain the interesting ghost spectra discussed above. Working backwards, it 
follows readily that the non-logarithmic ghost theory allows only the atypical irreducibles Af,(i^ with n G jZ 
to be present in the parent g[(l|l)-theory. The logarithmic ghost theory is somewhat more accommodating, 
allowing in addition the typical irreducibles T„e with e/k G Z+ ^ and n £ jZ+ ^, and the indecomposables 
5'n.ft with n£ jZ. We illustrate these two spectra diagrammatically in Figure[l] Note that they are both discrete. 
Our quest to justify such discrete spectra motivates the study of extended algebras for g[(l|l), to which we now 
turn. 



5. Extended Algebras 

We show in Appendix lAl that there are real forms of gl(l|l) which are compact, at least in the bosonic 
directions. The spectrum of the corresponding theory should therefore be discrete. This is corroborated by 
the coset considerations of the previous section — both the j3 7 ghosts and symplectic fermions are believed 
to admit orbifolds/compactifications resulting in discrete spectra 146116011 . On the other hand, the characters of 
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Figure 1 . Schematic illustrations of the possible spectra of the proposed logarithmic and 
non-logarithmic gl(l|l)-theories. At left is the possible spectrum of the atypicals A„^e in 
both (and for the logarithmic theory, the indecomposables T,, g too). At right is the possible 
spectrum of typicals T„^ in the logarithmic theory (the atypical points are marked in white for 
comparison). Modules corresponding to points on the same line yield the same coset module 
as indicated. 



the symmetry algebra are supposed to form a representation of the modular group and we saw in Section 13.41 
that this is only possible with 0[(1|1) for a continuous spectrum. Proposing a consistent discrete spectrum 
therefore requires changing the symmetry algebra. In this section, we construct several extended chiral algebras 
for g[(l|l). We then show that such proposals can be valid by using one of these extended algebras to deduce 
a discrete spectrum that is closed under fusion, yet admits a well-defined action of the modular group upon 
combining the characters appropriately. 



5.1. Chiral Algebra Extensions. Our search for extended algebras is guided by the following considerations: 
First, note that if we choose to extend by a zero-grade field associated to any irreducible gl(l|l)-module, then 
we must include the rest of its zero-grade fields in the extension. Second, the fields we extend by should be 
closed under conjugation. Third, extending by fields from typical irreducibles will lead to logarithmic behaviour 
in the extended chiral algebra because fusing typicals with their conjugates yields staggered indecomposables 
of the form CPn.ft. 

It seems then that the most tractable extensions will involve zero-grade fields from atypical modules A„jic 
and their conjugates yi_„ _(>i. The simplest extension we could hope for would involve a single atypical and 
its conjugate and have the further property that these extension fields generate no new fields at the level of the 
commutation relations. This may be achieved for extension fields of integer or half-integer conformal dimension 
by requiring that the operator product expansions of the zero-grade fields of A„,(ii are regular. From the fusion 
rule ( I3.36l l, we obtain 

-^n.M X -^nM — ■^2n-E(f),2ft7 (5-1) 

from which it follows that the zero-grade fields of 7l„ « will have regular operator product expansions with one 



another if 2A„ « ^ A 



^2«-£(/'),2tt 



, that is, if 



Kl s^ 2A„,ft. 
therefore gives i — ±l 



(5.2) 



Extending by fields of dimension A„ « — j therefore gives £ — ±1 (£ — would give extension fields of dimen- 
sion 0) and extending by fields of dimension 1 requires i — ±1,±2 (and so on). In each case, the ± merely 
accounts for our ability to exchange A„^(ii with its conjugate. 

Extending by A„^ek and its conjugate amounts to augmenting the affine currents of g I ( 1 1 1 ) by four zero-grade 
fields. Two will be bosonic and two will be fermionic. As the parity of a field should match that of its conjugate. 
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there are just two ways of assigning these parities. Computing the extended algebra defined by a given choice 
of parity is straight-forward as the atypical irreducibles define simple currents in the fusion ring of g [ ( 1 1 1 ) . The 
formalism for simple current extensions developed in II68II691 may therefore be applied directly. However, the 
computations for higher-dimensional extensions become rather intricate, so we shall instead use the well-known 
free field realisation of g [ ( 1 1 1 ) as a subalgebra of the direct sum of the symplectic fermion algebra with those of 
the bosons (p and defined in Equation (14.12b . This also has the advantage of choosing a parity for us (which 
turns out to be important as we discuss in Section lS^ . For completeness, and to fix notation, we briefly review 
this free field realisation in Appendix ICl 

We remark that it is also permissible to extend by twisted atypicals a^^'^ {A„.e) and their conjugates. These 
modules have one-dimensional zero-grade subspaces, so this would lead to only two extension fields. Such 
extensions are, however, less satisfying than those discussed below as the extension fields are only able to 
generate a proper subset of the 0((1|1) currents. We will therefore not pursue this possibility here. 



5.2. Dimension j Extensions. It follows from the above analysis that when the extension fields have conformal 
dimension j , there is a unique choice for the atypical module (up to conjugation) by whose fields we may extend. 
The four extension fields must in fact belong to the atypicals Aqj^ and j4o _^, hence will have weights (± j , ±A:) . 
In the free field realisation, the zero-grade fields of the atypical module Aqj; are given by the vertex operators 
K = : e^'^+^ : and y — — '■ e^^'^+^ : x constructed from the symplectic fermions ;(f * and the bosons (p — 
Z+jF and 0=Z-iy (see Appendix©. Those of A 
operator product expansions which have singular terms are then 
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= + : e^/ 
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+ d(p{w) + .. 
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(5.3a) 


+ d(j){w) + .. 


■ = rHP{z)- 




(5.3b) 



k{z)>c{w) = 

and )3(z)7(w) = 

z — w 

These fields therefore define a free complex fermion {k, k) and a j3 7 ghost system. Because the mixed operator 
product expansions are regular, this extended algebra decomposes into the direct sum (as Lie superalgebras) of 
the chiral algebras of these theories. 

It follows from Equations ( 14.121 1 and (15.3b that the bosonic 0[(1|1) fields A^ and E are generated as lin- 
ear combinations of normally-ordered products of ghosts and fermions. It is likewise easy to check that the 
fermionic fields y/* are also generated in this way; 

j3(z)xH-+-!^^^ + ... and y(2)5^(vv;) = -!^^^ + ... (5.4) 

V^ \/k 

This then completes the realisation of 0[(1|1) as a subalgebra of the extended algebra. This realisation may be 
used, for instance, to verify that the energy-momentum tensors of the ghosts and the fermions sum precisely to 
that of g[ (1 1 1) given in Equation ( 13.41 ). For convenience, we illustrate the weights of these extension fields in 
the first diagram of Figure |2] 

We remark that the identification allows us to specify which adjoint on g [ ( 1 1 1 ) is consistent with the algebra 
extension. Specifically, the ghost adjoint and the complex fermion adjoint are given by 

^} = J-r, r! = P-r and xl = x_,., kj = x^r- (5.5) 
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Figure 2. The weights (n,e) of the fields generating the extended chiral algebras along 
with the weights of 0((1|1) itself (we label the weights by the corresponding fields). White 
weights are bosonic and black weights are fermionic. The first weight diagram corresponds 
to the direct sum of a j3 7 ghost system with a complex fermion, the second to s ( (2 1 1 ) j , the 
third to s [ (2 1 1 ) _ 1 M and the last three to the W^-algebras of Section 15.41 



The operator product expansions ( 15.3b and ( I5.4l l then imply the generalised commutation relations 
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from which (15.51 ) gives 

NJ=N-r, El=E^r, 



V7- 



V~k' 



t=0 



Yr-eXs+{ + ^s-e- 1 Yr+e+i 



v; 



V~k 



i^n' 



-V-r 



and 



iV^rY 



-W^r- 



(5.6a) 



(5.6b) 



(5.6c) 



(5.7) 



Up to the signs for the fermions (we assume k > 0; the signs would be positive for k < 0), this is the adjoint 
( 13.21 ) of the unitary superalgebra u ( 1 1 1 ) . 

Finally, we wish to mention a subtlety that occurs when constructing this extended algebra abstractly. Recall 
that we had a parity choice for the affine primary field of weight (5,^). The free field realisation takes this 
field to be a fermion (and this fixes the parities of the other affine primaries). If we had instead declared that 
this field is a boson, denoting it by j3', then its conjugate / of weight (—5,—^) would also be bosonic. One 
could then normalise these fields so that their operator product expansion takes the form (I5.3bb and so we would 
again conclude that this extended algebra includes a copy of the ghost system. However, one can check that the 
boson d(j)' = : j5'y' '■ is now eucUdean, rather than lorentzian. Indeed, further study uncovers contradictions 
(including failure of associativity) in the structure of this extended algebra. We must therefore conclude that 
this parity choice is in fact mconsistent]_2 



Such failures of associativity are, however, not uncommon in abstract constructions of extended algebras. In certain cases I69II70I , 
associativity can be restored by introducing auxiliary operators on an ad hoc basis. We expect that such treatments will also work in this 
case. 
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5.3. Dimension 1 Extensions. If we choose to extend by dimension 1 fields, then there are two distinct choices: 
Either we use the zero-grade fields of Axn^ and A_\j2-k^ or those of ^1/2,-24 ^nd ^_i/2,2i (using both 
generates additional fields of dimension 0). Choosing the parity so that the field of weight ( 1 , ^A:) (l~ 1,-2) 
is bosonicl^ we obtain the second and third weight diagrams pictured in Figure |2] As these fields all have 
dimension 1 , we expect that the extended algebras will be of affine type and we recognise the weight diagrams 
as those of the simple Lie superalgebras[(2|l) (up to a linear transformation). Indeed, if we define 



H=A^+- and Z=A^--, (5.8) 

then we precisely recover the weight diagram given in Figure [3] (we report our conventions for s[(2|l) and its 
affinisation in Appendix |E]i. Moreover, this definition leads to 

H(z)H(w)--^^ + ..., Z(z)Z(w) = ~-^^ + ... (5.9) 



and H(z)Z (w) regular, which suggests, upon comparing with the sl(2|l) Killing form in Equation ( IE.2I ). that 
the extended algebra will be s[(2|l) at level Xji. 

We remark immediately that the case £ — —2, giving s[(2|l)_j;2 ^s the expected extended algebra, is a 
subalgebra of the extended algebra considered in Section lS!2] This follows from the fusion rules 



A),/ixyio,i=yi_i/2,2i: and ^o,-/t x yio _i. =yli/2._2A- (5.10) 

We will therefore not pursue this extended algebra, but content ourselves with noting that the jSy ghosts of 
Section |52] give rise to the bosonic subalgebrasl(2) j /j C sl(2|l) j /j, the complex fermion gives rise to the 
u(l)-subalgebra and combining the two yields the remaining fermionic fields. 

We therefore turn to verifying that the extended algebra when ^ = 1 is indeed s[(2|l)j. Again, we shall 
accomplish this by using the free field realisation of Appendix |C] However, there is some subtlety to this 
computation. To ensure that the s((2|l)[ currents have the correct parities, we shall introduce an operator- 
valued function /i which is required to satisfy 

P.a,b\i-c.d = (-l)"'V«+6,c+./, {a,b,c,d e Z). (5.11) 

Note that the algebra generated by these operators has unit /io,o- The currents are then given by 

E = +^1.1 : e^+z : , n = dZ + dY, Z = dZ-dY, F = -^_i^_i : e"''-^ : , (5.12a) 

e+ = -Mi,o : e^ : X+, f+ = Mo-i : e"^ : x+, e" == ^Uo.i : e^ : ;i:", r = +;U_i,o : e"^ : j", (5.12b) 

and routine computation now verifies that the resulting extended algebra is indeed si (2 1 1 ) j . 

We remark that the jJ-a^b are all that is required in order to extend the free field realisation of g[(l|l) to 
s( (2| 1 ) [ . The ad hoc addition of such a family of operators is a sign that our choice of adjoint, the super-unitary 
one ( I3.2I 1, is not adapted to this extended algebra. Indeed, the spectrum of s I (2 1 1 ) j predicted in llT4l has both a 
discrete and continuous nature: The subalgebra s[ (2) j seems to be compact (its quantum numbers take discrete 
labels), whereas the subalgebra u ( 1 ) generated by Z is non-compact (continuous labels). Of course, there are 
real forms of gl ( 1 1 1 ) that have compact and non-compact directions (see AppendixlAll. 



We remark that if we had instead chosen the field of weight {lj.k) to be fermionic, then the linear combination giving H and Z does not 
lead to operator product expansion coefficients which match (a rescaled version of) the Killing form of s\ (2| 1). We have not pursued the 
implications of this choice further, but suspect that it leads to an inconsistent extended algebra as in Section IT2l 
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5.4. Dimension j Extensions. There are three distinct choices for extensions of conformal dimension |, cor- 
responding to the zero-grade fields of the atypical irreducibles^lij., ■A^i/4^2k ^^'i^-i.ik (^s well as their respec- 
tive conjugates). The latter choice again results in an extended algebra which is a subalgebra of that considered 
in Section I5l2l because 

■Ao,k^-Ao,kxAo,k=A_i,3k. (5.13) 

We remark that the free field realisation of AppendixICl suggests a parity choice in each case. Specifically, we 
should take the extension field of weight ( § , A;) to hefermionic, that of weight ( ^ , 2kj to be bosonic, and that of 
weight (— 5,3A;) to hefennionic. This results in the fourth, fifth and sixth weight diagrams pictured in Figure|2] 
(respectively). 

We start with the extended algebra for yii^.. Consider first the fermionic dimension | fields G* = W J : e^^^^'^^^' 
This normalisation yields operator product expansions which are regular except for 

G-(.)G-W = ^/l3 + ^^ + ^iiMiM.±^iW+..., (5.14) 

(z-w) (z-wy z-w 

as follows from Equation ( |C.9b . Here, ^ ~ jdY + ^dZ = ^N+ -^E is a euclidean boson. With T = | : JJ : , it is 
now routine to check that the G*, J and T generate the [K = 2 superconformal algebra s2Jir' ' of central charge 
1. The bosonic dimension | fields g* = -y/I : e'''(^/2+^) : ;^± likewise have regular operator product expansions 
except for 

+ ,, -, , 3 , 3j(w) J:J(w)J(w): +i^jW+3:Z+WZ'W: , ,.,.. 

g+(z)g (w) = - ^ + - ^ + ^ ^— — + ..., (5.15) 

(z -w) [z- w) z-w 

where j is the euclidean boson —jdY — dZ = —N — jj^E. Taking t — j :]] : — : X^X^ • > on^ finds that the 
g*, j and t generate the level Bershadsky-Polyakov algebra W^ with central charge —1. The full extended 
algebra is not the direct sum sQJir^^' © W3 — the non-regular mixed operator product expansions generate the 
fermionic gt ( 1 1 1 ) currents: 



,± ^_^ r-± , 



2 Y'^iw) 
'k[z~w 



(z)G*(w) = W--^-^-^ + ... (5.16) 



The second choice A_i/4_2k yields a slightly different extended algebra. This time, the (appropriately nor- 
malised) fermionic dimension | fields G* = ±4= : e*^^^'^^^^' : X^i^Z*' ^^ lorentzian boson J — —^dY + 
|(9Z and the energy-momentum tensor T = — | ; JJ ; — ; X^X • yield the 3^ — 2 superconformal algebra of 
central charge — 1 . In particular, we have 

G+(z)G-W = -^ + ^^+-^-^^-)^W-+^^^-)-^-^"(-)^~(-)-+... (5.17) 
{z-wY (z-w) z-w 

The bosonic subalgebra, now comprising the dimension | fields g* = \/3 : e^'^'^'^-^^' : x"^, the euclidean boson 
j = —jdY — 2dZ and the dimension 2 field t = 5 : jj : — : X^X^ ■ ' is again the Bershadsky-Polyakov algebra 
of level and central charge — 1. As the central charges of these subalgebras do not sum to zero, it is obvious 
that the full extended algebra is not a direct sum. The fermionic 0((1|1) currents are again generated by the 
mixed operator product expansions: 

g-WG-W = 4f^ + ... (5.18) 

Vk [z-w) 
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With both these choices, the result is an extended algebra which contains subalgebras isomorphic to an 
3Nf = 2 superconformal algebra and a Bershadsky-Polyakov algebra. For completeness, we mention that the 
third choice 7l_i 3^, which derives from the extended algebra of Section lS!2l also results in an extended algebra 
with similar subalgebras. Specifically, we have a subalgebra isomorphic to s53ir'^' with central charge —1 and 
a subalgebra isomorphic to W3 with level — | and central charge — 1 . 

It is telling that the same structure is found with other H^-algebras including, in particular, that obtained 
from the Drin'feld-Sokolov reduction of the affine Kac-Moody superalgebra s[(3|l) that is induced by the 
embedding s[(2) ^-> s((3|l) given by A 1— > (q [j). This W-algebra does not appear to coincide with any of the 
extended algebras constructed here, though it appears to be related to that obtained by changing the parity of 
our second extension (assuming that this leads to a consistent extended algebra). 

5.5. Extended Characters and the Spectrum. Let us consider the dimension 5 extension of Section |7!2l We 
saw that the simple current modules Aojc and .Ao,-*. extend g[(l|l) to the direct sum of the j3 7 ghost algebra 
and that of a complex fermion. The vacuum module of this extended algebra may then be identified with the 
orbit of the 0((1|1) vacuum module under fusion with these simple currents. Equation (13.361 1 gives this orbit as 
the set {■A_(/2+E{i)M ■ ^ € Z}, so we are led to consider the sum 

^ 1 00 „mim2 + {mi+m2)/2+{mi-m2+l') /2 

Ich[yi_,/,+,,,«](x;,;z;,)=x^i:J^ ^ ^ ^-^^ ,^.-^.^m/^ 

iGZ ieZ (^)oo mi,m2=0 \^)mi \H)m2 

v^ °° ^m\m2-\-(m\-\-m2)/2 . 

- ^ y ^ Jm,-m2)/2^.(m,-m,)ky^.ikJ/2^f/2 

(^)oomi,m2=0 yi)mi\l)m2 £gZ 

00 „(mi+m2)/2 1 „ 

^ , n [q) Hy'^'i^q) .5 lo^ 

" i?4(3'-¥/2;?) ■ n{q) ■ ^ ^ 

Here, we have used Equations ( 14.181 1. (14.15b and ( I4.4al i. in that order, to arrive at the product of the ghost 
vacuum character and the complex fermion (Neveu-Schwarz) vacuum character The factors y^^z'' ^ and y*^z'' ^ 
appearing above account for the zero-modes being traced over in the ghost and fermion characters being A^o — 
Eo/lk and A'o +Eo/2k, respectively. 

The modular properties of the character of this fusion orbit are particularly pleasing. Applying the generators 
S and T as in Sec tion [T4l gives the six ratios 
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x^ '^V < (5.20) 
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on which one verifies that C = S^ = (ST) acts as the identity (the extended vacuum module is self-conjugate). 
Identifying these ratios as characters of the extended algebra is not difficult, but the interpretation in terms of 
g[(l|l) is somewhat less straight-forward. For example, i?4/t93 corresponds to inserting (—1) and (—1) 
into the complex fermion and ghost vacuum characters, where F and G are the fermion and ghost number 
operators, respectively. However, this does not amount to replacing the gl ( 1 1 1 ) -characters in Equation ( 15.191 ) by 
the corresponding supercharacters. Rather, we should modify the usual characters by inserting an extra factor 
of(-l)^°/^ 

To identify the g[(l|l) content of the other ratios, it is convenient to note that A-N2+E{i)/k — '^'^ {•Atli.o)- 
One can now obtain the ratio ^92/1^4 by replacing the sum over £ e Z in ( 15.191 ) by a sum over ^ e Z + 5. The 
g[(l|l)-characters appearing in this sum are therefore those of certain twisted atypicals. The ratio d^/ih may 
be obtained by replacing these twisted g[(l|l)-characters by the corresponding supercharacters. i?3/t32 also 
decomposes as a sum over twisted atypical gl (1 1 1 )-supercharacters, but this time the supercharacters are those 
of <7^(^(f_i)/2o) (with £ e Z+ 5). Finally, ■fti./i92 decomposes into the sum of the characters of these twisted 
atypicals, modified by an insertion of (—1) °' ' . 

The extended algebra characters of ( |5.20| l therefore correspond to linear combinations of the characters of 
the gl(l|l) atypicals cr*^ (yi^ /2,o) , with ^ e 5Z, and <7^(yi(£_i)/2,o)^ with ^ e Z+ 5. The first set is closed under 
fusion, but the second is not. Indeed, it is easy to check that the fusion ring generated by these atypicals consists 
of the genuine atypicals (7''(yi„.o), with ^ e Z and n e jZ, and their twisted counterparts with ^ G Z+ 5 and 

ne^Z + i. 

At the level of the extended algebra, fusion therefore generates an infinite number of additional extended 
modules. The number of linearly independent characters, however, turns out to be finite. Beyond those given in 
( 15.201 ). one finds only three more. Their modular transformations are summarised by 








-iS , (5.21) 



which shows that C acts as minus the identity on these characters. These nine ratios of theta functions then 
constitute the (Unearly independent) characters of the minimal set of extended algebra modules which are closed 
under fusion and modular transformations. We emphasise that this minimal set is nevertheless infinite. Its 
elements decompose as 0[(l|l)-modules into a discrete set of atypicals and twisted atypicals. Of course, it 
remains to see if this may be extended by a discrete set of typicals, for example, while maintaining modular 
invariance. We will not consider this here. The point is merely to show how the extended algebra formalism 
allows one to restrict to a discrete spectrum of g[(l|l)-modules and still exhibit closure under fusion and a 
well-defined action of the modular group on the characters. A similar analysis should be possible for the other 
extended algebras. We hope to return to this in the future. 

6. Summary and Outlook 

In this article, we have analysed a collection of logarithmic conformal field theories stemming from g [ ( 1 1 1 ) . 
We have used a combination of representation theoretic and free field methods, each being employed as appro- 
priate. We began with an analysis of the Lie superalgebrag[(l|l), its representations, fusion ring and modular 
properties. With this in hand, we determined that the j3 7 ghosts maybe constructed as a u(l)-coset of g[(l|l). 
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This was achieved by identifying the coset algebra at the level of states with that of the ghost system. Free 
field considerations also predict this result, though we noted that they must be supplemented by the analysis 
of the vacuum character We completed the description of the coset theory by identifying how each gl(l|l) 
character decomposes into a ghost character This was followed by a summary of our results identifying other 
cosets of g[(l|l) by different u(l)-subalgebras. In particular, we found the J^ = 2 super- Virasoro algebra at 
central charge c = — 1 and the Bershadsky-Polyakov-algebra at level k = 0. These are, however, just some of 
the infinitely many coset algebras that one can construct. 

The remainder of the article was devoted to finding chiral algebras extending g [ ( 1 1 1 ) . Avoiding logarithmic 
singularities constrains the extensions to adjoining certain atypical modules and we have computed these alge- 
bras explicitly for all possible extensions of conformal dimension j, 1 and j. The results include a complex free 
fermionplus the jSyghosts, the Lie superalgebras[(2|l) at levels —j and 1, and certain new W-superalgebras 
which combine the 3\f = 2 super- Virasoro algebra and the Bershadsky-Polyakov algebra. Our search for ex- 
tended algebras was motivated by the question of real forms of g 1 ( 1 1 1 ) and discrete versus continuous spectra. 
While the modular properties of the characters of g[ ( 1 1 1 ) require a continuous spectrum, we have demonstrated 
that by combining characters of g[(l|l) into extended algebra characters, it is possible to find a discrete spec- 
trum that is closed under fusion and modular transformations. 

As stated in the introduction, the most important conclusion that we draw from the results presented here is 
that almost all of the logarithmic CFTs that researchers regard as archetypal are in fact all closely related to one 
another This then raises the important question of whether these paradigms are indeed prototypical examples 
or if other models are going to reveal qualitatively new features. Certainly for applications, it is absolutely 
necessary to have a good feel for the typical behaviour of this class of CFTs. It is thus crucial to attempt to 
understand other examples of logarithmic CFT. We remark that there is some recent progress in this direction 
with the c = triplet model II37II7H473JI . However, the algebraic complexities of the W (2,3) algebra have meant 
that much of this progress is indirect. More tractable candidates, in our opinion, include the s [ (2 1 1 ) WZW model 
(at level A; 7^ —jA) ^nd fractional level s[ (2) theories (withfc^^ "5)- ^^ expect that the fruitful combination of 
representation theoretic and free field methods will lead to progress and insights in these examples and beyond, 
and hope to report on this in the future. 

Another area which deserves further investigation is the theory of the W-algebras and W-superalgebras which 

(n) 

arise in the study of affine Lie superalgebras. In [74], certain algebras denoted by Wj were constructed as 
commutants of si {n)i. in s((«|l)^,. Moreover, when the level is critical, these algebras arise in the study of 
sigma models whose target space is a fermionic coset of PSL (n|n) fT5\. The W-superalgebras which arise as 
extensions of g((l|l) appear to share several key features with these commutant algebras. However, they are 
much more accessible algebraically and one may likewise expect that they will be of some use in string theoretic 
applications. We also mention that these extended algebras share many features in common with certain algebras 
||76l related to manifolds with SU (n) holonomy. These are extensions of the 1^ — 2 super- Virasoro algebra by 
two bosonic and two fermionic fields^j As we have seen, the 3^ — 2 super- Virasoro algebra may be related to 
g((l|l) in several ways (see fTT] for another), so it is natural to ask whether there are extensions of both these 
algebras which are related in a similar manner. 
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Appendix A. Real Forms 

In this appendix, we discuss the real forms of the Grassmann envelope of the Lie superalgebra gl(l|l) 
(for real forms of Lie superalgebras, see fTTll ). This envelope is the complexification of the Lie algebra of 
the (real) Lie supergroup GL (1 1 1) and consists of the elements aN + bE + c+ v/+ + c_ y/^, where a and b are 
Grassmann-even and the c± are Grassmann-odd |78|. Define a semimorphism of a complex Lie algebra to be 
a conjugate-linear transformation which preserves the Lie bracket. Given an involutive semimorphism co, a 
real form is then obtained as the set of Lie algebra elements satisfying Co{X) = X. Note that for Lie algebras, 
involutive semimorphisms and adjoints are in 1-1 correspondence via (O -^ —(£). 

One may extend complex conjugation to the Grassmann algebra as an involutive antiautomorphism T, that 
is, a parity-preserving map of the Grassmann algebra satisfying ||78I : 

(1) T(A/ + M5)=AT(/)+AT(g), 

(2) 7{fg)=7{g)7{f), 

(3) T2 = id. 

Here, X,ix £ C, / and g are Grassmann numbers, and A denotes the ordinary complex conjugate of X. An 
involutive semimorphism of the Grassmann envelope of gl(l|l) is then obtained by composing T with the 
Grassmann-hnear map a defined by 

a{N)^N, a{E)=E, a (v/=^) = ±v/*. (A.l) 

Twisting the above development by an automorphism of 0[(1|1) allows us to construct other involutive 
semimorphisms. Such automorphisms include 

Il{N)^-N, n(£) = +£, n(v/=^)=v^=F, (A.2a) 

D.{N)^-N, D.{E) = -E, n(v/=^) =±1//"^, (A.2b) 

cox{N)^+N, co^{E) = +E, co;t(v/±)=A±V*- (A.2c) 

Note that n does not preserve the metric; rather, it negates it. Its lift to gl(l|l) therefore negates the level. As 
the subalgebras fixed by 11 and Hon, and their analogues for gl{n\n), are called strange Lie superalgebras, 
we will refer to 11 as the strange automorphism. It is of order two. The automorphism £1, on the other hand, 
preserves the metric and is of order four, squaring to e)_i. It is the conjugation automorphism of g[(l|l) 
(compare Equation (I3.6l l). The last family COi, X G C \ {0}, consists of inner automorphisms CO;^ , so it is of little 
direct importance to real form considerations. However, cOi will be used below to ensure that the order of the 
semimorphism constructed from 11 is indeed 2. 

The resulting involutive semimorphisms of the Grassmann envelope of g ( ( 1 1 1 ) are listed in Table |2] along 
with their real forms and the topology of the bosonic submanifold of the Lie supergroup. The semimorphisms of 
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the two strange forms are probably unphysical, at least for our considerations, because a corresponding adjoint 
for the affine superalgebra is only possible for imaginary level. 



Semimorphism 


Bosonic Submanifold 


Real Form 


Toaoi2 


^1 X *fl 


unitary superalgebra u ( 1 1 ) 


■Joa 


RexRn 


real superalgebra gl ( 1 1 )jj 


■JoaoIIoOi 


MfX^i, 


strange form g 1 ( 1 1 )^ 


JoaoUoD. 


S},xRn 


strange form g 1 ( 1 1 )g 



Table 2. The real forms of the Grassmann envelope of g((l|l), given along with their in- 
volutive semimorphisms and the topologies of the bosonic submanifold of the corresponding 
Lie supergroups. 



Appendix B. A Combinatorial Identity 

In this appendix, we prove the identity ( 14.15b for m ^ 0. The case m < then follows from symmetry under 
m o —m. This identity follows readiljcjfrom a hypergeometric identity of Heine 1671 Eq. (1.4.3)]: 



/a b 
^^'(c'^'^J= (z) 



\ (abz/c)^ fcja c/b abz\ 
Recall that Heine's basic hypergeometric series is defined by 

where (a)^ denotes the standard ^-factorial n"=o (^ ~ aq'Y 
We start by noting that 

since (a) ■ /aJ = n,Co ('^^' ~?') ^ (— l)''^'-''-'^'-''^ as a — > oo. Applying dB.H therefore gives 
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(B.4) 



Multiplying both sides by cf and dividing by {(l)^^^ ^"d (g')^ then gives, up to a shift in the summation index j. 
Equation ( 14.151 ) for m ^ 0, as required. 



^Ve thank Pierre Mathieu for pointing this out in the case m = 0. 
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Appendix C. Free Field Realisations for 0[(1|1) 

The affine Kac-Moody superalgebra g[(l |1) has two well-known free field realizations, the standard Waki- 
moto realization flO] and one constructed from symplectic fermions and two bosons, one euclidean and one 
lorentzian |3|. An explicit equivalence between the two realisations was established in li23l . Here, we review 
(and motivate) the symplectic fermion realization for computations in Section |5] 

Recall that in Equation (14.121 1. we identified two commuting bosons 

d(p{z)=N{z) + ^E{z) and dij) (z) ^ N (z) - ^E (z) , (C.l) 

2k 2k 

the first being euclidean and the second lorentzian. Taking the coset of g[(l|l) by the u(l) -subalgebra gen- 
erated by these bosons gives the theory of symplectic fermions, suggesting that a free field realisation may be 
built from these fields. Indeed, let us take the fermions x"^ to satisfy 

X^ (z) X' (w) = "2 + regular terms, (C.2) 

[z-w) 

with x^ (z) X^ {^) regular, and construct bosonic fields Z — j{(p + ^) and F = (p — ^ so that 

dY (z) dZ (w) = 2 + regular terms (C.3) 

(z-w) 

and dY (z) dY (w) and dZ (z) dZ (w) are regular. Then, the g [ ( 1 1 1 ) current fields are expressed as 

E{z)=kdY{z), N{z)=dZ{z) and v^± (z) = V^: e±''W : ;t± (z) , (C.4) 



and a moderately tedious computation shows that the g [ ( 1 1 1 ) energy momentum tensor ( 13.41 ) indeed corresponds 
to the sum of those for the boson and symplectic fermion systems. 

It remains to explicitly construct the g[ (1 1 1) primary fields. When these fall into typical representations, this 
requires the twist fields that define the symplectic fermion primaries ll60l . However, these fields are surplus to 
our needs (details may be found in ll23l ). Section|5]in fact only requires the zero-grade fields of certain atypical 
modules with \e/k\ — 1 and 2. These are particularly easy to construct. 

First, note that the vertex operator 



nY{w)+eZ{w}/k . ^ . ^{n+e/2k)<p{w) . . ^-{n-e/2k)ipiw) . ^q ^-^ 



: e' 

has affine weight (n,e), using ( IC.4b . but conformal dimension ne/k. Restricting to e ~ k, the atypical irre- 
ducibles A„^k correspond to zero-grade fields of weights (« ± ^ , ^) and conformal dimensions n + j. It follows 
that : e'"+^'^-'^''"'-'+^''"^'' : realises one of these fields in this case. The other is obtained by acting with \j/^, again 
using iCAl : 

.IT. p(«-I/2)F(vv)+Z(H.) . y- i^,\ 

z — w 
With the conjugate fields (e = —A:), this completes the determination when |e/A;| — 1: 

. e(„+i/2)y+z . ^ .3(«-i/2))'+z.^-(^)^ (^^^)^ 

:e-("-'/2)5'-Z:;t+(w), ,^-in+\li)Y-z .^ {e^-k). ^^'^^ 

The corresponding quadruplet for \e/k\ = 2 may be taken to be 

.e(„+i/2)}'+2z.^-(^)^ :e("-'/2)i'+2Z:;^-(H,)a;^-(w), {e = 2k\ 

.g-(„-I/2)}'-2Z.^+(^)^^+(^)^ .g-(«+I/2)F-2Z.^+(^) (e = -2/fe). 
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We also record here the operator product expansion for the vertex operators. Let X„e =nY + eZ/k. Then, 

: e^".^W : : e''"'^''^"^ : = (z- w)('"''+"'^)/'^ : e^"+"'.^+^'("-) : + : ^X,,,, (w)e''"+"'-^+'-'<"' : (z-w) 

+ i : (^dX„,e (w) dX„,e (w) + d^X„.e (w)) e^«+«'.«+^'("') : (z - w)2 + . . 



(C.9) 



It follows from this that : e"^(*)+«2("^')A- : and : e"'''("')+«'^("^')A : will be mutually bosonic when «e' + n'e is an 
even multiple of k and mutually fermionic when ne' + n'e is an odd multiple of k. 



Appendix D. Spin- j Algebras 

In this appendix, we give for convenience the defining operator product expansions for certain algebras 
generated by two fields of conformal dimension j and u(l)-charge ±1. The first family is that of the J^ — 2 
superconformal algebras sQJir' ' in which the generating fields G* are fermionic. Our conventions are captured 
by G* (z) G* (w) being regular and 

(z-w) {z-wy z-w 

Here, J is the (dimension l)u(l)-current under which the G* are charged, normalised so that 

c/3 
J (z) J (w) = 2 + regular terms, (D-2) 

(z-w) 

and T is the energy-momentum tensor The central charge c is a free parameter. 

The second family is obtained when the dimension | fields g* are bosonic. These are the (level k) Bershadsky- 

(2) ^ 

Polyakov algebras W3 which are obtained as the Drin'feld-Sokolov reductions of 31(3)^;, induced by the em- 
bedding s( (2) ^^ st (3) given by A n- (00) [|79||80 |. The product g* (z) g* (w) is again regular, but we have 

+ (fc+l)(2fc + 3) , 3(fc+l)JH , 3:j(w)j(w):+|(^+l)^j(w)-(fc + 3)tH ^ 

g {Z)g [W) = -^ \ "2 \ h..., 

{z-wY (z-wy z-w 

(D.3) 

where now j is the u ( 1 ) -current charging the g* and t is the energy-momentum tensor. The current turns out to 

satisfy 

(2fc + 3)/ 3 

{z-wf 
and the central charge is given in terms of the s[ (3) level k by 

(2^ + 3)(3fe+l) 



J iz)\ (w) = —^ '-Y- + regular terms, (D.4) 



(D.5) 

k + 3 ^ ' 

The critical level A: = — 3 is excluded from this family for obvious reasons. 

Appendix E. The Lie Superalgebras s[(2|1) ands[(2|1) 

Here, we briefly outline our conventions for the simple Lie superalgebra s[(2|l) and its affinisation. Recall 
that s[(2|l) is defined to be the vector space of supertraceless endomorphisms of C^'^ equipped with the 
standard graded commutator. Letting Eij denote the matrix with all zero entries but for a 1 in row / and column 
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Figure 3. The weights (H- and Z-eigenvalues) {H,Z) of the simple Lie superalgebra 
b[(2|1), labelled by the corresponding weight vectors. White weights are bosonic and black 
weights are fermionic. 

j, we choose a basis as follows: 

£ = £12, H = £'ii-£'22, F = £'2i, Z = £'ii+£'22 + 2£'33 (bosons), 

(E.l) 
e+=£'32, f+^-fisi, e =£13, f =£23 (fermions). 

The bosons form a subalgebra isomorphic to s[ (2)© u(l), withZ spanning the second summand. The fermions 
split into two irreducible representations of the bosonic subalgebra which may be identified with the tensor 
product of the fundamental representation of s[ (2) and the u(l)-irreducible of charge (Z-eigenvalue) 1 or —1. 
We normalise the fermions so that [F,e*] = f^ and use the superscript ± to indicate the u(l)-charge. The 
weight diagram of s [ (2 1 1 ) therefore looks as in Figure[3] 

As usual, we take the invariant bilinear form to be given by the supertrace in the defining representation. 
This yields 

rc(H,H)=2, rc(Z,Z)=-2, (c(E,F) = (c(F,E) = 1, 
-K-(e+,r) = K-(r,e+) = l, -K-(e-,f+) = K-(f+,e-) = l, 

with all other combinations of basis elements vanishing. We can now construct the affinisation b[(2|1) in the 
usual way and use the Sugawara construction to realise the energy-momentum tensor In this way, one checks 
that the dual Coxeter number of s((2|l) is 1 and that the central charge always vanishes. 
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